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Abstract

Classi cation rates on out-of-sample predictions can often be improved through the use of model
selection when tting a model on the training data. Using correlated predictors or tting a model of
too high a dimension can lead to over tting, which in turn leads to poor out-of-sample performance.
I will discuss methodology using the Bayesian Information Criterion (BIC) of Schwarz (1978) that can
seard over large model spacesand nd appropriate models that reduce the danger of over tting. The
methodology can be interpreted as either a frequentist method with a Bayesian inspiration or as a
Bayesian method based on noninformativ e priors.
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1 Intro duction

Neural networks have becomea popular tool for classi cation, asthey are very exible, not assumingany

parametric form for distinguishing between categories. Applications can be found in both the frequertist

and Bayesianliterature. An aspect which has not beenthoroughly addressedis model selection. Just asis
the casefor linear regression,using more explanatory variables may give a better t for the data, but may

lead to over tting and bad predictive performance. Similarly, increasingthe size of a neural neural network

may lead to better ts on training data, but may result in over tting and poor predictions. Thus one needs
a method for deciding how to choosea best model, or best set of models. In a larger problem, one also needs
a way of searding the model spaceto nd this best model, asit may be impossibleto try tting all possible
models. This paper is meart to addresstheseissues.

There are a number of other papers which look at the problem of selectingthe optimal size of a neural
network. Much of the recernt work hasbeenin the Bayesianframework, and includesgaussianapproximations
for the posterior to approximate posterior probabilities (MacKay, 1992),and reversiblejump MCMC methods
(Muller and Rios Insua, 1998 (for regression), Andrieu et al., 1999 (for radial basis networks)). More
established methods (see Bishop (1995)) include cross-walidation (Stone, 1974) and penalized likelihood
methods using the Akaike Information Criterion (AIC) (Akaike, 1974), the BayesianInformation Criterion
(BIC) (Schwarz, 1978), or the Network Information Criterion (NIC) (Murata et al., 1994). Crossvalidation
has also been applied to variable selection, but not during a selection of model size as well. A Bayesian
approach to model selectionis Automatic Relevance Detection (ARD) (MacKay, 1994; Neal, 1996), which
usesan additional layer of hyperparametersto try to shrink unimportant variables. Howewver, ARD does
not allow oneto compute posterior probabilities of individual models. The methods of this paper allow one
to simultaneously seard the model spaceover both the size of the network and over subsetsof explanatory
variables. Furthermore, if a Bayesian interpretation is taken, one can estimate posterior probabilities of
individual models.

This paper focuseson feedforward neural networks with a single hidden layer of units with logistic
activation functions, but the results are clearly generalizableto other avors of neural networks. The
mathematical details of thesemodels are given in Section 2. Section 3 dealswith the issuesof searding the
model spaceand selectinga best model. Within the Bayesianframework, one may also want to use model
averagingfor prediction, and this is discussedaswell. BayesianRandom Searding (BARS) is introduced as
a method that ts within both the frequertist and Bayesianframeworks, and is applicable to many problems
including neural networks. Finally, two examplesare given.



2 Neural Networks

The particular form of the model usedin this paper is derived from the regressioncontext. The regression
model can be viewed as using a set of logistic functions as an approximate basisfor the spaceof cortinuous
functions. Denote the multiv ariate response variable as y, where yjq is the gth componert of the ith
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wherej is the index on the basisfunctions, known ashidden nodes the 's arethe coe cien ts (weightg from
the explanatory variablesto the hidden nodes,and the 's are the coe cien ts from the hidden nodesto the
predicted responses.  is the jth basisfunction, a logistic transformation of a linear combination of the
explanatory variables. The tted valuesare seento be a linear combination of the tted basisfunctions, and
conditional on the basisfunctions, the tted value is the regressiont on the basis functions. A common
variance is assumedhere, but this could easily be generalizedto a separatevariance for eadh componert of
the responsevector.

Neural networks of this form have been shonvn (Cybenko, 1989; Funahashi, 1989; Hornik et al., 1989)
to be able to approximate any continuous function arbitrarily well when su cien tly many hidden nodesare
used. In the Bayesiancontext, the posterior is consisten (Lee, 2000). Theseproperties make neural networks
a good method for nonparametric regression,in that one doesnot have to choosea particular parametric
form for the model. A practical consequenceés the needto choosean optimal number of hidden nodes. This
problem is discussedin Section 3.

The key to extending this model to classi cation is to expressthe categorical response variable as a
vector of indicator variables. The outputs of the neural network are transformed to a probability scaleand
a multinomial likelihood is used. Let t; be the categorical response (the targef) with its value being the

vector in the alternate represernation of the response(a vector of indicator variables), whereyijy = 1 when
g = y; and zero otherwise. Let pg be the (true) underlying probability that y,; = 1. Denote the tted

estimate for pig by fig. To get this tted estimate, the cortinuous valued output of the neural network
(denoted Wy ) is transformed to the probability scale. Then the likelihood is

Flip) = f(tipi:ipg) (1)
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and the tted probabilities are found from the neural network by
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In practice, only the rst q 1 elemers of y areusedin tting the neural network sothat the problem is of
full rank. Wiq is setto zerofor identi abilit y of the model.



in the model.

This model is frequertly referredto asthe softmaxmodel in the eld of computer science(Bridle, 1989).
This method of reparameterizing the probabilities from a continuous scale can be found in other areas of
statistics aswell, such as generalizedlinear regression(McCullagh and Nelder, 1983).

In the frequertist setting, this model can be t using standard numerical optimization routines. In the
computer scienceliterature, backpropagation, a gradient descei type algorithm, is popular. In the Bayesian
context, one can use either a hierarchical prior, or a noninformativ e prior, and the model can be t using
Markov chain Monte Carlo.

3 Mo del Selection

Model selection for a neural network entails both a selection of the structure of the network (how many
hidden nodes) and a selection of which explanatory variables to use. Using more hidden units will give a
better t. With sucien tly many units, a network can t the data perfectly. Thus one needsto choose
a proper size for the network, large enoughthat it will t well, but small enoughto minimize over- tting

and improve predictive performance. At the sametime, one must choosethe optimal subsetof explanatory
variables. Just like the caseof multiple linear regressionover a wide range of candidate explanatory variables,
one wants to useonly the important variables and to leave the others out of the model. Neural networks
presert the additional challenge of simultaneously choosing both the variables and the size of the network.

There are many competing ideason how to choosethe best model. Someare basedon maximizing the
likelihood subject to somepenalty, such asthe Akaike Information Criterion (Akaike, 1974)and the Bayesian
Information Criterion (Schwarz, 1978). Other methods attempt to usepart of the data to ched the model
in someway, suc as cross-walidation (Stone, 1974). The methodology of this paper originates from the
Bayesian approad of choosing the model with highest posterior probability, although as will be explained
later, the Bayesianstructure is not necessaryfor implemertation or interpretation.

The Bayesian approach also allows model averaging for increased predictive performance and better
accourting of uncertainty. In some cases(for example, the heart attack data in Raftery (1996)), more
than one model may have high posterior probability, and these models will give di erent predictions. Using
predictions from only a single model will grosslyunderestimatethe variabilit y of the estimate, sinceit ignores
the fact that another model with signi cant posterior probability made a di erent prediction. Instead, one
should calculate predictions by using a weighted average over all models in the seard space,where the
weights are the posterior probabilities of the models (Leamer, 1978; Kass and Raftery, 1995). Let y be the
responsevariable, D the data (the obsened valuesof the explanatory and responsevariables), and M; the
models of interest for i 2 | . Then the posterior predictive distribution of y is

X
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where P (yjD;M;) is the marginal posterior predictive density given a particular model (with all other
parametersintegrated out), and P(M;jD) is the posterior probability of model i.

The posterior probabilities of the models, P(M;jD), while conceptually straightforward, turn out to be
a computational challengeto estimate. By Bayes' Theorem:

p P(DjM;i)P (M)
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where P(DjM;) = Rf (yip) f (p) is the marginal probability of the data, which is the likelihood (from
Equation 1) times the prior integrated over the parameter spacefor that model (the 4 and j, asdescribed
in Section 2). This integral is analytically intractable in the caseof a neural network. The (exponertiated)
BIC is a useful approximation to the posterior probabilities of the models, asthe BIC is an approximation
to the log of the Bayesfactor for comparing that model to the null model (Schwarz 1978). Recall that the



BIC for model i is de ned as 1
BIC; = L; Epi logn;

where L; is the maximum of the log-likelihood, n is the sample size, and p; is the number of parameters
in model i. It hasbeenshowvn that BIC; = logP(DjM;) + Op (1) (see,for example, Kass and Wasserman
(1995)). While this may not appear to be a great approximation, the BIC hasbeenshown to be asymptot-
ically consistert for model selectionfor many classesof models, including mixture models (Keribin, 1997),
which sharemany similarities to neural networks. The BIC approximation has alsobeenfound to work well
in practice. More details on the di culties of estimating thesenormalizing constarts for neural networks, as
well as on the usefulnessof the BIC for this problem can be found in Chapter 4 of Lee (1998).

In the absenceof additional information on model size, one can use a noninformative prior that puts
equal masson ead model, i.e. P(M;) = P(M;) for all i and j. The BIC approximation is then
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If onedid haveinformation on model size,an informativ e prior could be usedfor the model spacejust aseasily.

The Bayesianapproadc automatically nds a balancebetweenimproving the t and not over tting, because
adding additional variablesor nodesthat do not su cien tly improvethe t will dilute the posterior, causinga
lower posterior probability for the model. This approad, in addition to being conceptually straightforward,

also has the advantage that it can be used simultaneously for choosing the explanatory variables and the

number of hidden nodes.

3.1 Bayesian Random Searching

For a small number of explanatory variables under consideration, one could try tting models using all
possiblesubsets. However this quickly becomesdi cult asthe number of variables increases.Furthermore,
one would needto selectan optimal network size for eat subset. Thus an e cien t algorithm is necessary
for searding over the model spaceto nd models of high posterior probability.

Many traditional seard methods are greedy algorithms, such as stepwise regression. Neural networks
are highly nonlinear and often have many local maxima in the model space,and thus greedy algorithms
frequertly get stuck in local maxima, not nding the optimal model(s). Stochastic algorithms have a clear
advantage here. This sectionpresers an algorithm, BayesianRandom Seardiing (BARS), which is motivated
by Markov chain Monte Carlo Model Composition (MC ) (Raftery, Madigan, and Hoeting 1997).

The basic idea of MC?3 is to perform MCMC on the model space (instead of the parameter space,as
usual), thus estimating the posterior probabilities of the models by the fraction of time the chain spends
visiting ead model. This can be accomplishedusing the Metropolis algorithm to move between di erent
models with candidates being generatedto have either one more or one lessexplanatory variable, or one
more or one lesshidden node. The probability of moving from the current model to the candidate model is
then the ratio of the posterior probability of the candidate model to the posterior probability of the current
model (or one, which ever is smaller). With the BIC approximation, the probability of moving from model
i to model j is minfl;exp[BIC; BICi]g. This BIC approximation also meansthat onecan t the model
with a standard algorithms and even within the Bayesiansetting MCMC is not necessaryfor the parameters
during the model seard stage. After a best model or set of best models has been found, one can go back
and run a full MCMC for the parametersof these models if desired.

While MC® may be simulation-consistert, it is not clear how long the simulation needsto run in order
to reach equilibrium. Furthermore, the BICs of the models visited are computed, but not useddirectly in
the nal estimation of posterior probabilities. Rather than discarding this information and relying solely on
the steady state properties of the chain, one could use the same Markov chain simulation, but record the
BICs for all of the models visited. Then the estimate of the posterior probability of ead model, would be
the BIC approximation of Equation 2 if the model was visited, and zero if it was not visited. In practice,
this procedure may be more accurate than MC? becauseit doesnot rely on steady state properties of the
chain. The chain is simply a medanism for e ectiv ely searding the model spaceto nd models with high
posterior probability. | shall refer to this method as BayesianRandom Searding (BARS). This approacd is



similar to that of Chipman, George,and McCulloch (1998). BARS can either provide a single\b est" model,
or posterior probabilities of all models, which can then be usedfor model averaging.

Neural networks have an additional modelling complication which can a ect the seart of the model
space. In many statistical applications, one can either t the model analytically, or one can use iterativ e
methods with reasonablecon dence of nding the right answer (e.g. logistic regression). However, tting
a neural network, in either a frequenrtist or Bayesianframework, involvesthe use of an iterativ e algorithm
which could nd a local rather than a global maximum. One should keepin mind that a model visited
during a seard algorithm may not necessarilybe t correctly. This is a further advantage for stochastic
seard algorithms such as BARS and MC?3, in that they get multiple chancesto t ead model, and sothese
algorithms are more robust with respectto di culties in tting anindividual model. They alsotend to spend
more of their time in areasof the model spacewith high posterior probability, thus using computational
time more e cien tly.

3.2 Interpretation of BARS

The derivation of BARS given in this paper is that of a Bayesianmethod with a noninformativ e prior over
the model spaceand using the BIC to approximate model probabilities. It could easily be extendedto use
any reasonableprior over the model space,and thus BARS is seento be an approximation of a fully Bayesian
method.

However, BARS should appeal to the non-Bayesianas well. While inspired by Bayesian methods, one
will notice that it is not necessarto ever choosea prior to implement BARS. The BIC is merely a penalized
likelihood statistic. Only the maximum likelihood estimate is necessaryto compute the BIC. The searding
of the model spacevia BARS can beenviewed as a stochastic algorithm basedon this penalized lik elihood
criterion. One neednot make any Bayesianassumptions,nor subscribe to the Bayesianphilosophy, in order
to use BARS.

4 Pima Indians Example

Ripley (1996) provides an analysisof a dataset on diabetesin Pima Indian women. The ideais to predict the
presenceof diabetes using seven covariates: number of pregnancies,plasma glucoseconcerration, diastolic
blood pressure, triceps skin fold thickness, body massindex (weight/height?), diabetes pedigree,and age.
There are 532 complete records, of which 200 are usedas a training set and the other 332 are usedas a test
set. About 33% of the population has diabetes.

BARS nds that the best model usesonly one hidden node and four explanatory variables: number of
pregnancies plasmaglucose,body mass,and pedigree. This model hasnearly all of the posterior probabilit y,
so model averaging is not necessary The error rate on the test set with this model is 65 of 332, or 19.6%.

Ripley (1996) reports error rates for a number of other analyses. Theseare summarizedin Table 1. For
those methods that had model selectiontechniques readily available (e.g. AIC for logistic regression),the
samefour variables were found to be important. Notice that the best of the models Ripley investigated was
logistic regression. The error rate is essetially the sameasthat for the neural network found with BARS
(the .3% di erence is a single test case). This is no coincidence,in that a neural network of the form in
this paper with only one hidden node is equivalent to logistic regression. Thusiit is reassuringthat BARS
nds the optimal known answer in this case. We can usethe structure of neural networks with all of their
exibilit y, but BARS will still pick the simplest model when it is most appropriate.

5 Bank Applications Example

Traditionally when customersapply for a loan at a bank, they had to Il out a detailed application. This
application was then reviewed by a trained loan o cer and the loan was either approved or denied. A
particular regional bank wanted to streamline this processto seewhat information on the application was
most important, sothat they could greatly simply the form, making life easierfor the customerand creating
cost savings for the bank.



Standard linear discrimination 20.2%

Robust linear discrimination 22.9%
Logistic regression 19.9%
Multiv ariate adaptive regressionsplines(MARS) 22.6%
Projection pursuit regression(PPR) 22.6%
Multi-la yer neural network 22.6%
Nearestneighbor with CV 24.7%
Classi cation tree 24.4%
Neural network with BARS (this paper) 19.6%

Table 1: Comparison of Error Rates on the Pima Indian DiabetesData

This datasetwasoriginally describedin Lee (1996). It involves23 covariates which are listed in Appendix
1. Thesevariables fall mainly into three groups: stability, demographic,and nancial. Stability variables
include items such asthe length of time the applicant hasworking in their current job. Stability is thought to
be positively correlated with intent and ability to repay a loan, for example,a personwho has held their job
for longer is lesslikely to losetheir job and thus losetheir income and be unable to repay a loan. A person
who haslived in their current residencefor longer is lesslikely to suddenly skip town and leave an unpaid
loan. Demographicvariablesinclude items like age. In the United States, it is illegal to discriminate against
older people, but younger people can be discriminated against. Many standard demographicvariables (e.g.
gender) are not legal for usein a loan decisionprocessand are thus not included. Financial variablesinclude
the number of other accourts at this bank and at other nancial institutions, as well as the applicant's
income and budgeted expenses.

An interesting aspect of this dataset is the large amount of correlation betweenthe covariates. In some
casesthere is even causation. For example,someonewith a mortgagewill be ahomeowner. Another example
is that a person cannot have lived in their current residencefor more yearsthan they are old. Thus any
statistical analysis must take this correlation into accourt, and model selectionis an ideal approach.

For this paper, the datasetwassplit into a training setof 4000obsenations and a test set of the remaining
4508 obsenations. Using the training set, BARS nds that the optimal model usessewen explanatory
variables and two hidden nodes. The important variables are income, budgeted expenses,age, length of
time at current residence,chedking accourts with this bank, accourts at nance companies(typically these
companiesservice customerswho have trouble getting loans from standard banks and savings and loans),
and category of loan. Theseare all reasonablevariables, and betweenthem they seemto cover most of the
important aspects of the covariates without much repetition, thus reducing the multicollinearit y problems.
This model has an error rate of 31% on the test data, which is not great, but the data are very messy and
there are a number of more subjective factors known to in uence loan o cers which are not coded in the
data, soonecan not hope for too precisea t on this dataset. This model is an improvemert over a previous
analysisof this data (Lee, 1996)which usedmodel selectionfor logistic regression,and found the best logistic
regressionmodels to use 10-12 covariates and have error rates of around 35%.

6 Conclusions

BARS is a powerful method for model selectionthat works well for neural networks. It allows the statistician
to take advantage of the full exibilit y of neural networks while controlling for over tting. The examplesof
this paper show that BARS can pick a simple model when necessaryor a richer model when the underlying
problem is more complicated. BARS can be interpreted from either a frequertist or Bayesian perspective
and is reasonablyeasyto implement with the BIC approximation.



7 App endix

Variablesin the Bank Loan Application Dataset

Birthdate

Length of time in current residence
Length of time in previous residence
Length of time at current employer
Length of time at previous employer
Line utilization of available credit
Number of inquiries on credit le
Date of oldest entry in credit le
Income

10. Residertial status

11. Monthly mortgage payments

12. Number of chedking accourts at this bank

13. Number of credit card accourts at this bank
14. Number of personal credit lines at this bank
15. Number of installment loans at this bank
16. Number of accourts at credit unions

17. Number of accourts at other banks

18. Number of accourts at nance companies
19. Number of accourts at other nancial institutions
20. Budgeted debt expenses

21. Amount of loan approved

22. Loan type code

23. Presenceof a co-applicant
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