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Abstract

In comparing two populations, sometimesa model incorporating a certain probabil-

it y order is desired. In this setting, Bayesian modeling is attractiv e since a probabilit y

order restriction imposeda priori on the population distributions is retained a posteri-

ori. Extending the work in Gelfand and Kottas (2000) for stochastic order speci�cations,

we formulate modeling for distributions ordered in variabilit y. We work with Dirichlet

processmixtures resulting in a fully Bayesian semiparametric approach. The details for

simulation-basedmodel �tting and prior speci�cation are provided. An example,basedon

two small subsetsof time intervals betweeneruptions of the Old Faithful geyser,illustrates

the methodology.
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1 In tro duction

Probabilit y order restrictions are often appropriate when comparing two or more popula-

tions. Such restrictions presumestrong conditions on the population probabilit y measures.

However, if the samplesare small, the probabilit y order constraint of interest may not hold

for the empirical distributions of thesesamples. The Bayesian paradigm provides a con-

venient framework for the development of related modeling sinceany probabilit y ordering

postulated a priori is preserved to the posterior analysis.

The most commonprobabilit y order is stochastic order. We call two distribution func-

tions F1 and F2 satisfying F1(u) � F2(u), for all u, stochastically ordered and denote it

by F1 � st F2. Bayesian nonparametric modeling for random stochastically ordered dis-

tribution functions has been discussedby Arjas and Gasbarra (1996) and Gelfand and

Kottas (2000). For survival models, Arjas and Gasbarra specify a random pair of piece-

wise hazard functions obeying a partial ordering which implies stochastic order for the

associated distributions. Gelfand and Kottas employ Dirichlet processmixtures to model

the distribution functions. By imposing certain restrictions on the kernel and the mixing

distributions stochastic ordering for the resulting random mixtures is ensured.

Another useful probabilit y order concept is variabilit y order. Roughly, two distribu-

tions, F1 and F2, are ordered in variabilit y if, given a �xed location, massaccumulates

more rapidly as we move away from this location, for say F1 relative to F2, in either

direction. In fact, there is no unique de�nition for variabilit y ordering. Shaked and

Shanthikumar (1994) note at least three possibilities: convex order, dispersive order and

peakednessorder. We adopt a natural and 
exible de�nition basedupon a sign changes

condition. Under this de�nition we develop semiparametric Dirichlet processmixture

models for variabilit y ordering, extending the ideas in Gelfand and Kottas (2000). Full

comparative inferencecan be implemented employing the approach in Gelfand and Kottas

(1999). Dirichlet processmixing provides a rich and computationally feasibleframework

for Bayesiannonparametric inference. We useit as the stochastic mechanism under which

variabilit y order is modeled.

The format of the paper is as follows. A brief review of Dirichlet processmixing and

inferenceunder such speci�cations is given in section 2. In section 3 we summarize the
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literature associated with variabilit y ordering and discussrelations between the existing

de�nitions. In the processwe identify a condition, basedon the notion of sign changes

of a function, which can be used as a natural de�nition of variabilit y order. Section 4

presents our modeling approach for variabilit y orderedsymmetric distributions. Section5

discussescomputational implementation and prior speci�cation for the model. In section

6 we provide a data illustration. Finally, section 7 demonstrateshow the methodology

can be extended to handle skewed distributions ordered in variabilit y.

2 Diric hlet pro cess mixing

A distribution G on � follows a Dirichlet processDP(� G0) if, given an arbitrary �-

nite measurablepartition, B1,...,B r of �, the joint distribution of (G(B 1),...,G(B r )) is

D ir ichl et(� G0(B1),...,� G0(B r )) whereG(B i ) and G0(B i ) denote the probabilit y of set B i

under G and G0, respectively. Here, G0 is a speci�ed distribution on � and � > 0 is a

precision parameter. SeeFerguson(1973, 1974) for the formal development of Dirichlet

processesalong with earlier references.

Let F (�; � ) be a parametric family of distribution functions, indexed by � 2 �, with

associated densities, f (�; � ). If G is proper we de�ne the mixture distribution

F (�; G) =
Z

F (�; � ) G (d� ) : (2.1)

In (2.1) it is useful to think of G (d� ) as the conditional distribution of � given G. Di�er-

entiating both sidesof (2.1) with respect to (�) de�nes f (�; G) =
R

f (�; � ) G(d� ).

If G is random say G � DP (� G0), then F (�; G) is random. Letting D = f Yi , i = 1,...,ng

denotea samplefrom F (�; G) and using the bracket notation of Gelfand and Smith (1990),

we write its posterior as[F (�; G) j D ]. Functionals of F (�; G), for which we usethe generic

notation H (F (�; G)), are of interest with posteriors denoted by [H (F (�; G)) j D ].

In the context of (2.1), supposefor each Yi , i = 1,...,n we introduce a latent � i and

assumethat the Yi 's are conditionally independent given the � i 's. Assumefurther that the

� i 's are conditionally independent and identically distributed given G. As a result the Yi 's

are marginally independent, with joint density
Q n

i=1 f (yi ; G) =
Q n

i=1

R
f (yi ; � i ) G (d� i ) :
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Adding G � DP (� G0) completesthe Bayesianmodel speci�cation, apart, perhaps,from a

hyperprior on � (seeEscobarand West, 1995). Such Dirichlet processmixed models were

originally studied by Antoniak (1974) and Lo (1984). In particular, Antoniak (1974) noted

that this Bayesian model can be marginalized over G to obtain
Q n

i=1 f (yi ; � i )[� 1,...,� n j

G0; � ]. After marginalization the � i are no longer independent but an MCMC algorithm

can be implemented (Escobar, 1994,Escobarand West, 1995or MacEachern and M•uller,

1998) to obtain samplesfrom the posterior [� 1,...,� n j D ].

Gelfand and Mukhopadhyay (1995) describe how to use thesesamplesto infer about

linear functionals associated with F (�; G). They show how posterior expectations of linear

functionals and products of linear functionals can be computed. Restriction to posterior

moments of linear functionals severely limits inference. Gelfand and Kottas (1999) provide

a computational approach to obtain the entire posterior distribution for moregeneralfunc-

tionals. Brie
y , note that for a linear functional H , H (F (�; G)) =
R

H (F (�; � 0))G(d� 0).

Now, instead of marginalizing over G in [� 0; � ; G j D ] _ [D j � ][� 0; � j G][G], observe

that this joint posterior is proportional to [� 0 j G][G j � ][� jD ]. Hence given the poste-

rior sample � �
b, b = 1,...,B , for each � �

b draw G�
b � [G j � �

b] and then � �
0lb � G�

b, for l =

1,...,L . Finally, H �
b = L � 1 P L

l=1 H (F (�; � �
0lb)) is a Monte Carlo integration for a realization

from [H (F (�; G)) j D ]. To obtain an approximate realization from [G j � �
b], which is an

updated Dirichlet process(Ferguson,1973), we usethe constructive de�nition of Sethura-

man (1994). Sampling from the posterior of the \c.d.f.-at-a-p oint" functional, for a grid

of points, we can invert to obtain samplesfrom the posterior of any quantile functional.

Other functionals of interest can also be handled.

In the interest of clarifying Bayesian learning under this Dirichlet processmixing

framework we might wish to summarize prior features associated with F (�; G). The

approach of Gelfand and Mukhopadhyay (1995) can be applied to prior expectations

in the same fashion as for posterior expectations. Also the foregoing ideas of Gelfand

and Kottas (1999) can be applied a priori by approximately sampling [G] rather than

[G j D ]. If we write � = (� (1) ; � (2) ), we might place a Dirichlet processprior on � (1) , i.e.,

� (1) � G where G � DP(� G0) with a parametric prior on � (2) , yielding F (�; G; � (2) ) =
R

F (�; � (1) ; � (2) )G(d� (1) ), a semiparametric speci�cation.
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3 A review of variabilit y orders

Three de�nitions relating to the generalconcept of variabilit y ordering, mentioned in the

introduction, can be found in the literature. We refer to Shaked and Shanthikumar (1994,

chapter 2) for a comprehensive review. Hereafter, let X and Y be two random variables

with distribution functions F1 and F2, density functions, assumingthey exist, f 1 and f 2,

and generalizedinversesF � 1
1 and F � 1

2 , respectively. (Here, F � 1
i (u) = inf f x : Fi (x) � u g,

i =1,2.)

Wesay that Y is larger than X in the convex order (denotedby X � cx Y, or F1 � cx F2)

if
R

' (u)dF1(u) �
R

' (u)dF2(u), for every convex function ' : R ! R. The de�nition

and the convexity of ' 1(u) = u, ' 2(u) = � u yield that if X � cx Y then EX = EY ,

provided the expectations exist. Furthermore from the convexity of ' 3(u) = u2 it follows

that X � cx Y implies Var (X ) � Var (Y ), when Var (Y ) < 1 . SeeSchweder (1982) for

earlier referencesand a result on convex ordering of certain mixture distributions.

The random variable Y is said to be larger than X in the dispersive order (for which

we usethe notation X � disp Y) if F � 1
1 (q) � F � 1

1 (p) � F � 1
2 (q) � F � 1

2 (p), for all 0 � p � q

� 1. Again, it can be proved that X � disp Y implies Var (X ) � Var (Y ), provided V ar (Y )

� 1 . This ordering was �rst consideredby Saundersand Moran (1978) and Bickel and

Lehmann (1979). Lewis and Thompson (1981), Oja (1981) and Shaked (1982) provide

further detail.

Finally, if X and Y have symmetric distributions about � 1 and � 2, respectively, Y is

larger than X in the peakednessorder (denoted by X � peak Y) if jY � � 2j is stochasti-

cally larger than jX � � 1j. Birnbaum (1948) introduced peakednessorder and Bickel and

Lehmann (1976) used it to de�ne measuresof dispersion for symmetric distributions.

The notion of sign changes of a function provides a convenient framework for the

study of conditions that imply the above variabilit y orders. Following Karlin (1968, p.

20), the number of sign changesof a function h de�ned in U � R, is given by S � (h)

= supS� (h(u1),...,h(um )) where the supremum is extended over all sets u1 � ... � um ,

ui 2 U, with m arbitrary but �nite and S� (t1,...,tm ) is the number of sign changesof the

indicated sequence,zero terms being discarded. Regarding the convex order, considerthe

following conditions,

5



(C1) EX = EY and S� (f 2 � f 1) = 2, the sign sequencebeing + ; � ; + .

(C2) EX = EY and S� (F2 � F1) = 1, the sign sequencebeing + ; � .

(C3) EX = EY and
Rt

�1 (F2(u) � F1(u ))du � 0, for all t .

(C4) X � cx Y.

Then we have (C1) ) (C2) ) (C3) , (C4) (see,e.g., Shaked, 1980,Schweder, 1982and

Shaked and Shanthikumar, 1994 for more details and earlier references).With regard to

dispersive ordering, Shaked (1982) proved various related conditions. In particular, for F1

and F2 which are strictly increasingand continuous on their supports, he establishedthe

equivalenceof the conditions,

(D1) S� (F1(� � c) � F2(�)) � 1, for any c 2 R, the sign sequencebeing � ; + in the case

of equality.

(D2) X � disp Y.

Combining (C2), (C4) and (D1), (D2) it follows that if X and Y have �nite �rst moment,

X � disp Y implies X � EX � cx Y � EY . Moreover, Shaked (1982) notesthat X � disp Y

implies X � peak Y, when X and Y have symmetric distributions about 0. Another

relation, between (C2) and the peakednessorder, can also be easily obtained. If F1 and

F2 are symmetric about the samemean, which, without loss of generality, can be taken

to be 0, then (C2) , X � peak Y. We omit the straightforward proof.

The foregoing discussionreveals that dispersive order is the strongest among these

variabilit y orders and also peakednessorder implies convex order within the classof sym-

metric distributions. Although it is possibleto formulate modeling for dispersive ordered

distributions, we proposeadopting a condition similar to (C2), assumingequal locations

(where for us location is either the median or perhaps the mode under unimodalit y), as

the de�nition of variabilit y order. This condition allows for skewnessin the distributions,

implies convex order and peakednessorder (in the special caseof symmetry) and quan-

ti�es the notion of variabilit y order in a natural way. Furthermore, dispersive order has

beenmost sucessfulin comparing distributions with support on R+ , while our objective

is modeling for real valued, possibly asymmetric, variabilit y ordered random variables.

In this context it seemsnatural to assumeequal locations for the distributions, which

can be obtained possibly after a shift as in the de�nition of peakednessorder. We will

6



therefore say that Y is larger than X in variabilit y order, and write F1 � var F2, if F1 and

F2 have the samelocation and S� (F2 � F1) = 1, the sign sequencebeing + ; � . We could

equally well have de�ned variabilit y order in terms of the stronger condition (C1) but the

de�nition above su�ces for our purposes.

4 Semiparametric mixture mo deling for variabilit y order

Section 4.1 developsthe methodology while section 4.2 discussesapplications.

4.1 Mo deling approac h

We develop a modeling approach for joint distributions over the spaceG = f (F1,F2) :

F1 � var F2g employing mixtures of the generic form (2.1). Here we focus on symmetric

distributions, discussingonepossibleway to introduceskewnessin section7. The following

result forms the basisof our method.

Lemma 1 Consider a parametric family of distributions f F (�; � ) : � 2 (� ; � ) � Rg, with

F (�; � ) di�eren tiable in � , such that for any � 1 < � 2, S� (F (�; � 2) � F (�; � 1)) = 1, the

sign sequencebeing + ; � , where the crossingpoint u0 of F (�; � 2) and F (�; � 1) is the same

for all � 1 and � 2. For distributions F1 and F2 on (� ; � ) de�ne the mixtures F (�; F i ) =
R�

� F (�; � )Fi (d� ), i = 1; 2. Then if F1 � st F2, S� (F (�; F2) � F (�; F1)) = 1 and the sign

sequenceis + ; � .

Pro of: By assumption, F (u; � ) is non-decreasingin � for any �xed u � u0 and non-

increasingin � for u > u0. Hencefor an arbitrary �xed u � u0,

F (u; F2) � F (u; F1) =
R�

� F (u; � )d(F2(� ) � F1(� ))

=
R�

� (F1(� ) � F2(� )) dF (u;� )
d� d� � 0,

while for any u > u0 the sameargument yields F (u; F2) � F (u; F1) � 0. ThereforeF (�; F2)

and F (�; F1) have exactly one crossingpoint, the sign sequencebeing + ; � .

Lemma 1 indicates how variabilit y order can be preserved through mixing. The as-

sumption of a common crossingpoint for the kernel of the mixtures will be satis�ed if we

placesomerestriction on the location. In particular, if F (�; � ) is a symmetric family, with
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� 1=2 a scaleparameter, u0 will be the center of symmetry. Moreover, the assumption of

di�eren tiabilit y can be relaxed which implies that the kernel of the mixtures can be taken

to be any symmetric scalefamily f F ( �
� 1=2 ) : � 2 R+ g. For this choice, the distributions

F (�; Fi ), i = 1,2 have mediansand means,provided they are �nite, equal to 0. Hencefrom

Lemma 1 we get that (F (�; F1); F (�; F2)) 2 G. Next we needsomemodeling speci�cation

for the mixing distributions F1 and F2 belonging in the spaceP = f (F1,F2) : F1 � st F2 g.

Such a speci�cation for arbitrary membersof the genericspaceP is very di�cult, if at all

possible,to obtain. As in Gelfand and Kottas (2000), we considerthe easierto work with

subspaceof P, P
0

= f (F1,F2) : F1 = G1, F2 = G1G2g where G1 and G2 are distribution

functions. Any joint distribution over (G1,G2) inducesa distribution on P
0
. In fact, it is

helpful to think of F1 asthe distribution of � and F2 asthe distribution of max(� ; � ) where

� � G1 and independently � � G2. Assuming that the pair (F1,F2) of mixing distributions

arisesfrom P
0
, Lemma 1 again implies that the resulting classGF = f (F (�; F1); F (�; F2))

: (F1; F2) 2 P
0
g � G, where F denotesthe choice of the symmetric scalefamily for the

kernel. This classcan be enriched by adding a location parameter � to F ( �
� 1=2 ), retaining

variabilit y order. The semiparametric speci�cation is completed by choosing a Gaussian

kernel for the mixtures. Denoting by �( �) the standard normal distribution function, we

�nally have

F (�; �; F1) =
Z

�(( � � � )=� 1=2)G1 (d� ) (4.1)

while

F (�; �; F2) =
ZZ

�(( � � � )=max (� 1=2; � 1=2))G1(d� )G2(d� ), (4.2)

with F (�; �; F1) � var F (�; �; F2). Full inference with this model, assuming independent

Dirichlet processpriors for G1 and G2, is discussedin section 5 and illustrated in section

6. Note that under (4.1) and (4.2) both F (�; �; F i ) are symmetric and unimodal with � ,

the common location, being their median and mode.

In view of the general characterization of symmetric unimodal distributions as scale

mixtures of symmetric uniforms (see, e.g., Feller, 1971, p. 158), one might suggestthe
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useof mixtures with a symmetric uniform kernel. However, for this choiceLemma 1 is no

longer applicable since the parameter spaceof the kernel depends on the sample space.

As an alternative, Gaussiankernelsemergeas natural and convenient to work with.

Finally, we provide two additional results, similar in spirit to Lemma 1, that enable

modeling variabilit y order through mixtures of the form F (�; F i ) =
R�

� F (�; � )Fi (d� ), i =

1; 2, where again the parameter spaceof the kernel is free of the sample space. Lemma

2 below generalizesLemma 1 by considering sign changesof the densities instead of the

distribution functions.

Lemma 2 Assume that the parametric family of densities f f (�; � ) : � 2 (� ; � ) � Rg

satis�es for � 1 < � 2, S� (f (�; � 2) � f (�; � 1)) = 2, with the sign sequence+ ; � ; +, where the

crossingpoints u1 and u2 of f (�; � 2) and f (�; � 1) do not depend on � 1 and � 2. Moreover,

f (�; � ) is taken to be di�eren tiable in � . Then for the densities f (�; F i ) =
R�

� f (�; � )Fi (d� )

of F (�; Fi ), i = 1,2 we have S� (f (�; F2) � f (�; F1)) = 2, the sign sequencebeing + ; � ; + ,

provided F1 � st F2.

Pro of: Given the conditions of the lemma, f (u; � ), as a function of � , is non-decreasing

for any �xed u � u1 or u > u2 and non-increasingwhen u1 < u � u2, where u1 < u2 are

points on the support of the distribution associated with f (�; � ). Now

f (u; F1) � f (u; F2) =
R�

� f (u; � )d(F1(� ) � F2(� ))

=
R�

� (F2(� ) � F1(� )) df (u;� )
d� d� ,

which implies that f (�; F2) and f (�; F1) have two crossingpoints and the sign sequenceis

+ ; � ; +.

The �nal lemma handlesconvex ordering of the mixtures F (�; F i ), i = 1,2, providing

in this direction a di�eren t result than that of Schweder (1982, p. 166).

Lemma 3 For the parametric family of distributions f F (�; � ) : � 2 (� ; � ) � Rg assume

that F (�; � 1) � cx F (�; � 2), when � 1 < � 2, and that  (� ) =
R

' (u)dF(u; � ) is di�eren tiable

in � , where ' : R ! R is convex. Then if F1 � st F2, F (�; F1) � cx F (�; F2).

Pro of: Consideran arbitrary convex function ' : R ! R for which
R

' (u)dF(u; Fi ) < 1 ,

i = 1,2, a non-restrictive assumptiongiven the de�nition of convex order. By assumption,

the function  (� ) is non-decreasingin � . Hence,using Fubini's theorem,
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R
' (u)dF(u; F1) �

R
' (u)dF(u; F2) =

R�
�  (� )d(F1(� ) � F2(� ))

=
R�

� (F2(� ) � F1(� )) d (� )
d� d� � 0:

4.2 Applications

Here, we present someapplications of variabilit y ordered distributions modeled as in the

previous section.

The simplest setting is the two-sample problem for variabilit y ordered distributions

with common location. Here we have samples of size m and n from F (�; �; F1) and

F (�; �; F2), respectively, with F (�; �; F i ), i = 1,2de�ned in (4.1) and (4.2) whenceF (�; �; F1)

� var F (�; �; F2). Interest lies on the posterior predictive distribution functions and densi-

ties as well as on comparisonof dispersion functionals. Sinceexpectations neednot exist

when working with mixtures, the interquartile range functional seemsto be the appropri-

ate choice. Inferencefor the common location � can also be obtained. In order to �t the

model we add m + n latent variablesbeing i.i.d. G1 and n latent i.i.d. G2. All the details

are provided in section 5 with an illustrativ e data analysis appearing in section 6.

The extensionto di�eren t locations for the two orderedpopulations is straightforward.

We considerX i = � 1 + " i , i = 1,...,m and Yj = � 2 + � j , j = 1,...,n and then model the

" i 's and � j 's as i.i.d. realizations from (4.1) and (4.2), respectively, taking � = 0 as their

common location. More generally, we might consider two distinct datasets, both to be

modeledusing the sameregressionmodel, wherewe anticipate that the error distributions

exhibit variabilit y ordering. In this casewe would replace � 1 by � 1i , i = 1,...,m and � 2

by � 2j , j = 1,...,n.

5 Implemen tation details

Here,weprovide computational details for the two-sampleproblem with commonlocation.

Extensions to handle the other settings discussedin section 4.2 are then straightforward.

Assuming X 1,...,X m i.i.d. from F (�; �; F1) in (4.1) and Y1,...,Yn i.i.d. F (�; �; F2) de�ned in

(4.2), with independent Dirichlet processpriors for the mixing distributions G1 and G2,

the following hierarchical model emerges

10



X i j �; � i
ind:� f N (� j �; � i ), i = 1; :::; m

Yj j �; � m+ j ; � j
ind:� f N (� j �; max (� m+ j ; � j )), j = 1; :::; n

� i j G1
i:i:d:� G1, i = 1; :::; m + n

� j j G2
i:i:d:� G2, j = 1; :::; n

Gr � DP(� r Gr 0) ; r = 1; 2

� � N (�; � 2),

(5.1)

where f N (� j �; � ) denotesthe density of a N (�; � ) distribution and the basedistributions

Gr 0, r = 1,2 are taken to be inverseGamma distributions, I Gamma(ar ; br ) (with means

br /( ar � 1), provided ar > 1). The hyperparameters � , � 2, � r , ar , br , r = 1,2 are

all assumed�xed. The introduction of the additional latent variables � m+ j , j = 1,...,n

enablesthe marginalization over Gr , r = 1,2, noted in section 3. The resulting posterior

[�; � ; � j D ], where� = (� 1,...,� m ,� m+1 ,...,� m+ n ), � = (� 1,...,� n ) and D = f x i , yj , i = 1,...,m,

j = 1,...,ng, can be sampledemploying Gibbs sampling. We next provide the associated

full conditional distributions.

Full conditional for � : A standard calculation yields that [� j � ; � ; D ] is an updated

normal with variance e� 2 = f � � 2 +
P m

i=1 � � 1
i +

P n
j =1 (max(� m+ j ; � j )) � 1g� 1 and mean e�

= e� 2f �� � 2 +
P m

i=1 x i � � 1
i +

P n
j =1 yj (max(� m+ j ; � j )) � 1g.

Full conditional for � i , i = 1,...,m: Following Escobarand West (1995), this is a mixed

distribution placing point massf N (x i j �; � l )/( � 1A(x i ; � ) +
P

k6= i f N (x i j �; � k)) at � i = � l ,

l = 1,...,m + n, l 6= i and continuous mass� 1A (x i ; � )/( � 1A(x i ; � ) +
P

k6= i f N (x i j �; � k))

on the I Gamma(a1 + 1
2 , b1 + 1

2(x i � � )2) distribution. Here,

A(x i ; � ) =
ba1

1 �( a1 + 1
2)

(2� )1=2�( a1)f b1 + 1
2(x i � � )2ga1+ 1

2

,

where �( �) is the Gamma function.

Full conditional for � m+ j , j = 1,...,n: This is again a mixed distribution with point

massesf N (yj j �; max(� l ; � j ))/( � 1B1(yj ; �; � j ) +
P

k6= m+ j f N (yj j �; max(� k , � j ))) at � m+ j

= � l , l = 1,...,m + n, l 6= m + j and the remaining mass on the mixture distribution

(� (1)
1 (yj ; �; � j ) T I Gamma(a1, b1; � m+ j < � j ) + � (1)

2 (yj ; �; � j ) T I Gamma(a1 + 1
2 , b1 +
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1
2(yj � � )2; � m+ j > � j )) / (� (1)

1 (yj ; �; � j ) + � (1)
2 (yj ; �; � j )). Here, TI Gamma(a, b; � 2 V )

denotesa truncated inverseGamma distribution over the set V . The weights are given by

� (1)
1 (yj ; �; � j ) =

R
� m + j <� j

f N (yj j �; � j )G10(d� m+ j ) = f N (yj j �; � j )FI Gamma (� j j a1; b1) and

� (1)
2 (yj ; �; � j ) =

R
� m + j >� j

f N (yj j �; � m+ j )G10(d� m+ j ) = A(yj ; � )(1 � FI Gamma (� j j a1 + 1
2 ,

b1 + 1
2(yj � � )2)), whereFI Gamma (� j a;b) is the distribution function of an I Gamma(a;b)

distribution. Finally, B1(yj ; �; � j ) = � (1)
1 (yj ; �; � j ) + � (1)

2 (yj ; �; � j ).

Full conditional for � j , j = 1,...,n: Again, we have a mixed distribution that placespoint

massf N (yj j �; max(� m+ j ; � l ))/( � 2B2(yj ; �; � m+ j ) +
P

k6= j f N (yj j �; max(� m+ j , � k ))) at

� j = � l for l = 1,...,n, l 6= j and the remaining mass on the mixture (� (2)
1 (yj ; �; � m+ j )

T I Gamma(a2, b2; � j < � m+ j ) + � (2)
2 (yj ; �; � m+ j ) T I Gamma(a2 + 1

2 , b2 + 1
2(yj � � )2;

� j > � m+ j )) / (� (2)
1 (yj ; �; � m+ j ) + � (2)

2 (yj , � , � m+ j )). Here, � (2)
1 (yj ; �; � m+ j ) = f N (yj j

�; � m+ j )FI Gamma (� m+ j j a2; b2) and

� (2)
2 (yj ; �; � m+ j ) =

ba2
2 �( a2 + 1

2)(1 � FI Gamma (� m+ j j a2 + 1
2 ; b2 + 1

2(yj � � )2))

(2� )1=2�( a2)f b2 + 1
2(yj � � )2ga2+ 1

2

,

with B2(yj ; �; � m+ j ) = � (2)
1 (yj ; �; � m+ j ) + � (2)

2 (yj ; �; � m+ j ).

The samples(� �
b; � �

b; � �
b), b = 1,...,B from the posterior of the model, obtained using

the Gibbs sampler described above, can be usedto infer about functionals of F (�; �; F i ), i

= 1,2 in the spirit of Gelfand and Kottas (1999). Under the model speci�cation (5.1), for

any linear functional H we obtain H (F (�; �; F1)) =
R

H (F (�; �; � 0))G1(d� 0) and

H (F (�; �; F2)) =
Z Z

H (F (�; �; max(� 0; � 0))) G1(d� 0)G2(d� 0):

Observing that [�; � ; � ; G1; G2 j D ] / [G1 j � ][G2 j � ][�; � ; � j D ], for each b we draw G�
1b �

[G1 j � �
b], G�

2b � [G2 j � �
b], and next � �

0lb and � �
0lb from G�

1b and G�
2b, respectively, for l

= 1,...,L . Then L � 1 P L
l=1 H (F (�; � �

b; � �
0lb)) and L � 1 P L

l=1 H (F (�; � �
b; max(� �

0lb; � �
0lb))) are

draws from the posteriors of H (F (�; �; F1)) and H (F (�; �; F2)), respectively. If, for b =

1,...,B , we generate � ��
b � N (�; � 2) and G��

r b � DP(� r Gr 0), r = 1,2, draw � ��
0lb � G��

1b,

� ��
0lb � G��

2b, l = 1,...,L and replace � �
b, � �

0lb, � �
0lb with � ��

b , � ��
0lb, � ��

0lb in the summations

above we obtain realizations from the priors of H (F (�; �; F i )), i = 1,2. Sampling, for each
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population, from the posterior (prior) of the \distribution function-at-a-point" functional

we can invert to get samplesfrom the posterior (prior) of any quantile functional. Hence

the posteriors (priors) of the interquartile range functionals I QR(F (�; �; F i )), i = 1,2 can

be obtained and compared.

With regard to prior choice,we needto specify the hyperparameters� , � 2, � r , ar , br , r

= 1,2. The prior for the common location � can be fully speci�ed by setting � equal to a

prior guessfor the center of the populations and taking large variance� 2. The parameters

of Gr 0, r = 1,2 can be determined using available prior information on F (�; �; F i ), i = 1,2

and solving certain integral equationsfollowing from their de�nition in (4.1) and (4.2). In

the absenceof strong prior information and seekinga simple alternative, we suggestthe

following approach that requiresonly a rough range for the valuesof each population, say

r angei corresponding to F (�; �; Fi ), i = 1,2. Taking a1 = a2 = 2, which yields in�nite

variances for G10 and G20, G10 is speci�ed by choosing b1 such that median(� j a1; b1)

' (r ange1/4) 2, where � � G10. Next to specify G20, with a1, a2 and b1 determined,

chooseb2 that satis�es median(max(� ; � ) j a1; b1; a2; b2) ' (r ange2/4) 2, where � � G20

independently of � . Finally, we set � 1 = � 2 = 1 as is customary.

6 Example

Weconsidera data set from Gibbons(1976,p. 208)consistingof measurements on the time

interval betweeneruptions of the Old Faithful geyserin YellowstoneNational Park for two

years,1878and 1947. As discussedin Gibbons, the geyserhasbeenvery stable in average

time interval between eruptions since it was discovered in 1870. Hence we assumethat

time intervals have the samemedian for the two years. However, the range between the

minimum and maximum time interval between eruptions seemsto have been increasing.

The measurements in minutes are 54.5,63.1,64.9,67.3,70.8,71.5 for 1878and 47.4,50.1,

61.3, 65.2, 73.1, 73.6, 79.2 for the 1947 year. The sample mean, median, variance and

interquartile range for the 1878 data is 65.35, 66.1, 38.863and 6.37, respectively, with

the associated valuesfor the 1947data being 64.27,65.2, 147.166and 17.65,respectively.

With these measurements there seemsto be no justi�cation for a log transformation to

13



improve symmetry. Gibbons has used this dataset to illustrate a nonparametric test of

scale,arguing that any parametric test would be suspect with such small samplesizes.

We employ the methodology of section 4, and in particular model (5.1), for the un-

derlying populations, with F (�; �; F1) in (4.1) corresponding to the 1878 population and

F (�; �; F2) in (4.2) to the 1947population. Following the approach of section 5 for prior

speci�cation, we set � 1 = � 2 = 1, a1 = a2 = 2, b1 = 65.7 and b2 = 191.5. Here we have

usedrough ranges25 and 45 for the valuesof the 1878and 1947populations, respectively.

Finally, we assumethat a priori � � N (50,(30)2). Setting � = 30 for the standard devi-

ation of � corresponds to a rather vagueprior, as the actual range of the data suggests.

Attractiv ely, the resulting posterior inferenceis essentially identical to that obtained using

smaller values,e.g., � = 10.

The predictive distribution functions are compared both a priori and a posteriori in

Figure 1. The crossing point becomesevident in the posterior curves. The amount of

learning, given the small sample sizes, is very encouraging for the modeling approach.

Similar patterns are observed when comparing the prior and posterior predictive densities.

(See Figure 2). Note the two crossing points that emerge for the posterior predictive

densities. This is a result of the choice of kernel for the mixtures in (4.1) and (4.2);

Gaussiankernelssatisfy the conditions of Lemma 2 as well as theseof Lemma 1.

We next turn to posterior inferenceregarding the interquartile rangefunctionals. Their

posteriors are plotted in Figure 3. Point (posterior medians) and 95% equal-tail interval

estimatesfor I QR(F (�; �; F1)), I QR(F (�; �; F2)) and I QR(F (�; �; F2))/( I QR(F (�; �; F1)))

are 8.238(5.780,12.851),14.757(10.675,22.721)and 1.799(1.114,3.031),respectively. The

last interval estimate suggestssigni�cantly greater dispersion for the 1947data relative to

that of the 1878data. Finally, the posterior median and a 95% interval estimate for the

common location � are 65.376and (60.569,69.974),respectively.

7 Extension to variabilit y ordered skewed distributions

In the literature that discussesvariabilit y order for real valued random variables most

of the attention has focused on symmetric distributions. Although variabilit y ordering
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for distributions with di�eren t forms of skewnessseemsinappropriate, adding common

asymmetry to F (�; �; Fi ), i = 1,2, de�ned in (4.1) and (4.2), might be of interest in some

applications. A convenient way to accomplish this is by introducing skewnessparametri-

cally in the kernel of the mixtures.

One possibility arises if we employ the approach of Fern�andez and Steel (1998) to

transform the Gaussiankernel of (4.1) and (4.2) into a skewed normal family, preserving

unimodalit y. For a positive scalar parameter 
 consider the density

f SK (�; 
 ; �; � ) = (2=� � )1=2

(
 + 
 � 1 ) f exp( � 
 2(� � � )2=2� )1(�1 ;� ) (�)

+ exp( � (� � � )2=2� 
 2)1[�; 1 )(�)g,
(7.1)

with associated distribution function

FSK (�; 
 ; �; � ) =
2

1 + 
 2 f �(

 ( � � � )

� 1=2
)1(�1 ;� ) (�) + (

1 � 
 2

2
+ 
 2�(

� � �

 � 1=2

))1[�; 1 ) (�)g. (7.2)

For 
 > 1 (
 < 1) (7.1) is right (left) skewed, while for 
 = 1 it reducesto the normal

density we begin with. The mode of (7.1) is again at � . It can be shown more formally

that 
 is a skewnessparameter by obtaining several skewnessfunctionals of (7.1). In

particular, from (7.2), P(X � � j 
 ; �; � )/ P(X < � j 
 ; �; � ) = 
 2. It is straightforward to

verify that mixing (7.2) with respect to � preservesthe role of 
 as a skewnessparameter.

In particular, if Y � F (�; 
 ; �; G) =
R

FSK (�; 
 ; �; � )G(d� ), where G is a distribution on

R+ , applying Fubini's theorem we obtain P(Y � � j 
 ; �; G)/ P(Y < � j 
 ; �; G) = 
 2.

Moreover, using (7.2) we can show that for � 1 < � 2, S� (FSK (�; 
 ; �; � 2) � FSK (�; 
 ; �; � 1))

= 1, with the signsequencebeing+ ; � . Here, the commoncrossingpoint of FSK (�; 
 ; �; � 2)

and FSK (�; 
 ; �; � 1) is � . Henceif we de�ne the mixtures

F (�; 
 ; �; Fi ) =
Z

FSK (�; 
 ; �; � )Fi (d� ); i = 1; 2; (7.3)

imposing the restriction F1 � st F2 on the mixing distributions, Lemma 1 yields that

F (�; 
 ; �; F1) � var F (�; 
 ; �; F2). In this context, the common location of F (�; 
 ; �; F i ), i =

1,2 is their mode � . The distributions de�ned in (7.3) allow for skewness,which however
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must be of the same form and amount for both since it is controlled by their common

parameter 
 .

Skewnessis more naturally measuredwith respect to the median. It might therefore

be preferable to work with mixtures similar to (7.3) but with their median � as the

common location. Such a model can be developed if we use the split normal family for

the kernel of the mixtures (seeGeweke, 1989,where the split normal density is employed

as an importance sampling density and Kottas and Gelfand, 1999, for an application to

semiparametric median regressionmodeling). The split normal distribution function is

de�ned by

FSP (�; 
 ; � ; � ) = �(
� � �

 � 1=2

)1(�1 ;� ) (�) + �(

 ( � � � )

� 1=2
)1[� ;1 ) (�); (7.4)

where � is the median, � 1=2 the scaleparameter and 
 > 0 a skewnessparameter with


 < 1 (> 1) corresponding to right (left) skewness. In Kottas and Gelfand (1999) it is

shown that if we mix (7.4) with respect to � , � and 
 are still the median and a skewness

parameter, respectively, for the resulting mixture. Furthermore, the conditions of Lemma

1 are satis�ed by (7.4) where now the common crossingpoint is the median � . Therefore

de�ning F (�; 
 ; � ; Fi ) =
R

FSP (�; 
 ; � ; � )Fi (d� ), i = 1,2, for distributions F1 and F2 on R+

with F1 � st F2, we get F (�; 
 ; � ; F1) � var F (�; 
 ; � ; F2).
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Figure 1: Prior and posterior predictive distribution functions. The prior predictive curve

corresponding to F (�; �; F1) and F (�; �; F2) is denotedby the dotted and the dashed-dotted

line, respectively, with the associated posteriorsdenotedby the dashedand the solid line,

respectively.
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Figure 2: Prior and posterior predictive densities. The dotted and the dashedline denote

the prior and posterior predictive density, respectively, for F (�; �; F1) and the dashed-

dotted and solid line the corresponding densities for F (�; �; F2).
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Figure 3: Posteriors for the interquartile range functionals. The dashedline corresponds

to [I QR(F (�; �; F1)) j D ] and the solid line to [I QR(F (�; �; F2)) j D ].
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