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This entry provides an overview of experimertal design using a Bayesian
decision-theoretidramework. Scierti ¢ experimertation requiresdecisionsabout
how an experimert will be conducted and analyzed. Sud decisionsdepend
on the goalsand purposeof the experimert, but certain choicesmay be re-
stricted by available resourcesand ethical considerations.Prior information
may be available from earlier experimerts or from conjectureswhich moti-
vate the investigation. The Bayesianapproad providesa coherem framework
where prior information and uncertainties regarding unknown quartities can
be combined to nd an experimertal designthat optimizes the goals of the

experimernt.
1 Intro duction

Experimertation plays an integral part in the scieric method. Conjectures
and hypothesesare put forth basedon the current state of knowledge.Exper-

imental data may be collectedto addressunknown aspects of the problem.
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Finally, analysisof experimertal results may leadto one hypothesisbeing fa-
vored over othersor may leadto new questionsand investigations,sothat the
processis repeated, with the accurrulation of additional knowledgeabout the

scierti ¢ processunder investigation.

In some elds of scierti ¢ inquiry, physical modelscan be usedto descrite the
outcomeof an experimert given certain inputs with completecertainty. In the
majority of applications, one cannot describe the scieriic phenomenaper-
fectly, leadingto a distribution on possibleoutcomes,which can be descrited
by probability models.For example,in comparinga newtherapy to an existing
treatmert, individuals receiwe oneof two treatments. The outcomeor response
is an indicator of \success"or \failure" of the given treatment, which canbe
modeled using Bernoulli distributions with unknown succesgrobabilities. In
psydological or educationaltesting, the outcomemay be scoreson a battery
of tests. The outcomesor responsesnay depend on many other factors besides
the assignedtreatment, sud as age, education, gender,or other explanatory
variables. Hypothesesor quartities of interest are often phrasedin terms of
parameters of statistical models which relate the distribution of outcomes

Y to levels of explanatory variables.

In conductingan experimert, there are many designissuego resole, including
decidingwhich treatments to study, which factorsto cortrol, and what aspects
of an experimert to randomize.Other aspectsof experimenrtal design,sud as

how many experimertal units are needed,how many obsenations should be
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allocatedto eat treatment, or what levels of other input or cortrol variables
should be used, have traditionally fallen under the umbrella of statistical de-
sign (see Experimental Design: Overview). Becauseof costs, ethics, or other
limitations on resourcesor time, samplesizesare usually restricted, and e -

ciert useof available resourcess critical. The purposeof optimal experimertal
designis to improve statistical inferenceregarding the quartities of interest
by the optimal selectionof valuesfor designfactors under the cortrol of the
investigator, within, of course,the constraints of available resourcesDecision
theory (seeDecision Theory, Bayesiar) provides a mathematical foundation
for the selection of optimal designs.Prior information from earlier related
experimerts, obsenational studies, or subjective beliefsfrom personalobser-
vations, can be valuable in deciding how to allocate treatmernts e cien tly,
leading to more informative experimerts. The Bayesian approad to exper-
imental design provides a formal way to incorporate sud prior information

into the designprocess.

2 Bayesian Optimal Designs

The statistical aspects of an experimert e may be formally descrited by the
samplespace (possibleoutcomesfor the responseY), the parameter space
, and a probability model pe(yj ) that represets the distribution of ob-
senable random variables Y indexed by a parameter , an elemen of the

parameterspace. Samplesizestreatment levels, number of treatmernts, lev-
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els of explanatory variables, or other aspects of the designto be selectedare
implicitly cortained in pe(Yj ). The primary goal(s) or terminal decision(s)
of an experimert may include, but are not limited to, estimating or other
quartities of interest that are functions of , predicting future obsenations,

selectingamong competing models, or testing other hypotheses.

Lindley (1972) presened a two-part decision theoretic approat to experi-
mertal design,which provides a unifying theory for most work in Bayesian
experimertal designtoday. Lindley's approad involvesspeci cation of a suit-
able utilit y function re ecting the purposeand costs of the experiment; the
best designis selectedto maximize expectedutilit y. In this framework, an ex-
perimert e is selectedfrom the possiblecollection of experimerts E (the rst

decisionproblem). After choosingan experimert e, outcomesY are obsened.
Basedon the obsened data Y and experimert e, a terminal decisiond is se-
lected from possibledecisionrules D, which addresseghe terminal goal(s) of
the experimert. A utilit y function in the form U(d; ;e;Y) encalesthe costs
and consequencesf using experimert e and decisiond with data Y and pa-
rameter . Assumingthat the goalsof an experimert and terminal decision
can be formally expressedhrough a utilit y function, the Bayesiansolution is

to nd the bestdesignand best decisionrule that maximize expected utilit .

While the processof experimertation followed by inference/decisionmaking
proceedsn time order, it is easierto solve the optimal decisionproblemin re-

versetime order. The terminal stagedecisionprobleminvolves nding the best
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decisionrule d given the obsened data Y under experimert e that maximizes

the posterior expected utilit vy,
z
max  U(d; ;eY)p( jY;e)d = U(erY): 1)
Here, the expectation or averagingover accouns for uncertainty regarding
the unknown . The expectation is taken with respect to the posterior dis-
tribution of , which properly re ects uncertainty in  at the terminal stage

after Y hasbeenobsened under experimert e.

As the experimert e must be selectedbeforedata Y are obsened, the second
stageoptimization probleminvolves nding the bestexperimert e that maxi-
mizesthe pre-posterior expected utilit y. The pre-posterior expected utilit y is
obtained by integrating the resultin (1) over possibleoutcomesin the sample
space,
z z z

U(e)= U(gY)p(Yje)dY = U(e;Y)pe(Yj )p( )d dY: (2
This integral is with respect to p(Yje), the marginal distribution of the data
under experimert e, which is obtained by integrating pe(Yj ) over possible
prior valuesfor , described by prior distribution p( ). The Bayesiansolution
to the experimertal designproblem is provided by the experimert e which
maximizesU(e):

z z

U(e)=max max U(d; ;eY)p(]y;e plyje)d dy: 3

This generalformulation canbeusedto nd optimal designsfor a singleexper-
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iment, and can be extendedto optimal selectionof a sequencef experimerts

and sequetial decisionmaking (Lindley, 1972).

3 Choice of Utilit y Functions

It isimportant that utilit y functionsbetailored to the goalsof a givenproblem.
Optimal designsfor discriminating betweentwo di erent modelsmay be quite
di erent than designsfor prediction. In a one-way analysisof variance model,
the bestdesignfor comparingk treatments to a cortrol group, is not necessar-
ily the optimal designfor estimating the e ects of k + 1 treatments, asthese
experimerts have di erent goals.While taking equal number of obsenations
in ead of the k+ 1 treatment groupsis a possibility, other arrangemeits may
provide more information, particularly when data from previous experimerts
aretakeninto accoun. For example,se\eral previousstudiesmay be available
using an existing therapy, but limited information may be available on a new
treatment. Dierential costsof treatment also needto be considered,which
may leadto other allocations of samplesizesor choiceof experimerts. Ethical
considerationsmay also be incorporated that may constrain the assignmen

of treatments (Kadane, 1996).

Many of the papersin Bayesiandesignhave basedutilit y functions on Shan-
non information or quadratic loss. Motivation for these choicesis discussed
belon. The readeris encouragedto refer to Chaloner and Verdinelli (1995)

for additional details on thesecriteria, referencesand relationships of other



Bayesianutilit y functions to standard optimality criteria.

3.1 ShannonInformation

Shannoninformation is appropriate for inferenceproblemsregarding or func-
tions in , without speci cation of particular hypotheses.The expectedutilit y
function is basedon the expected changein Shannoninformation or equiva-
lently the Kullback-Leibler divergencebetweenthe posterior and prior distri-
butions. As the prior distribution doesnot dependonthe design,this simpli es

to the expected Shannoninformation of the posterior distribution,

z z
U(e) = logf p( jU;€)gpe(yj )p( )dYd (4)

thus the designgoal is to nd the designthat maximizesthe information
provided by the experimert. In normal linear modelswith normal prior distri-
butions, this leadsto a criterion related to the well known D -optimality from

classicaldesign,
U(e) / logj(X¢Xe+ R)= 7 (5)

whereX . is the designmatrix for experimert e and R= 2 is the prior precision

matrix (inverseof the prior covariance matrix).

If prediction of future obsenationsis important, the expectedgainin Shannon

information for a future obsenation Y, .1,

z
U(e) =  log(p(Yn+1]Y;€)p(Yn+1]Y;€)p(Yj€)dY dYnss (6)
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may berelevant. In normal linear modelswith prediction at a new point X+

this leadsto
uce) / loglfxp,; (XdXe+ R) X1 + 1g = 7; (7)

a Bayesianversion of c-optimality.

3.2 Quadratic Loss

Point estimation basedon quadratic lossleadsto the expectedutilit y function

Z Z

U(e) = ( HAC 9 (8)

where A is a symmetric non-negative de nite matrix. The matrix A can be
usedto weight seeral di erent estimation problemswhereinterest may bein
estimating individual componerts of or linear conbinations of . Under the

normal linear model and normal prior distribution this resultsin
Ue) = rfAXJXe.+R) g (9)

a Bayesiangeneralizationof the A-optimality designcriterion.

3.3 Other Utility and LossFunctions

Utilit y functions may be basedon other lossfunctions besidesquadratic loss.
While a quadratic lossfunction may be appropriate in many casesthere are
times when underestimation of a quartity incurs greater lossesthan overes-

timation. In sud situations, asymmetric lossfunctions are more appropriate
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for designand inference(Clyde et al., 1996). Discussionof other utilit y func-
tions related to prediction, hypothesistesting and model discrimination and

applications can be found in Chalonerand Verdinelli (1995).

3.4 Multiple Objectives

An experimert may often have se\eral, possibly competing objectives which
cannot be easily characterizedby only one of the standard optimality crite-
ria, and se\eral designcriteria may be appropriate. Weighted combinations of
utilit y functions are still valid utilit y functions, sooptimal designsfor multiple
objectivescan be handled within the maximizing expected utilit y framework.
For examplesseeVerdinelli (1992); Verdinelli and Kadane (1992); Clyde and
Chaloner (1996). A dicult y with this approad is that utilities may be ex-
pressedn di erent scaleswvhich must be accourted for in the choiceof weighs.
Equivalertly, one can nd the optimal experimert under one (primary) op-
timalit y criterion subject to constrairts on the minimal e ciency of the ex-
perimert under criteria for other objectives. Theseapproadesare a potertial
way to addressrobustnessof experimertal designsunder multiple objectives,

models, and prior distributions.

4  Prior Distributions

Prior elicitation is an important step in designing Bayesian experimerts, as

well as analysis.Clyde et al. (1996) use historical data from previous experi-
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merts to construct a hierarchical prior distribution to usefor designof future
experimerts. Kadane (1996) considermany of the practical issuesin subjec-
tive elicitation for clinical trials. Tsai and Chaloner (2001) descrike a design

problem where prior distributions are elicited from over 50 clinical experts.

While someresearbers may agreeto using prior information to help design
an experimert, they may want to have their nal conclusionsstand on their
own, sud asin a frequertist analysis.One of the goalsof the experimert may
be to corvince a skeptic, who has di erent beliefs from the designerof the
experimert, that a treatment is e ective. In sud casesthe prior distribution
usedin constructing the posterior distribution p( jYe€) in the expectedutilit y
(1) for the terminal decisionproblem may be di erent than the prior distri-
bution p( ) usedin nding the bestdesignin (2). Etzioni and Kadane (1993)
considerthe problem of designwhenthe designerand terminal decisionmaker

have di erent prior beliefscorrespnding to di erent decisionrules.

5 Calculations

Calculation of expected utilit y, asin (1-2), requiresevaluation of potentially
high dimensionalintegrals,combined with di cult optimization problems,and
in part, has limited the use of Bayesian optimal designin the practice. In
normal linear models for many of the standard utilit y functions preseted,
the terminal decisionrule can be solved in closedform and integrals can be

computed analytically, leaving the optimization problem of nding the best
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experimert e . Exceptin special casesnumerical optimization must often be

usedto nd the optimal design.

One can often relax the problem in the following way. Finding optimal \ex-
act” designsis often a dicult problem (similar to the traveling salesman
problem). Designscan often be viewed in terms of a collection of support
points (treatment levels) with weights that indicate the number of obsena-
tions to be assignedat ead support point. An exact designis onewherethe
number of obsenations at eat support point is an integer. A \continuous"
designis obtained by allowing the solution for the weights to be any real num-
ber. Rather than nding the optimal exactdesign,in the relaxedproblem, the
classof experimerts is enlargedto include cortinuousdesigns Mathematically,
nding the optimal designin the cortinuous problem is easierto solwe, and
methods for chedking optimality are often feasible.If the solution correspnds
to an exact design,one can then shaw that it is the globally optimal design.
While cortinuous designscannot be usedin practice, rounding of cortinuous

designsoften provides exact solutionsthat are closeto optimal.

For nonlinear models, generalizedinear modelsand other \nonlinear" design
problems (i.e. interest in nonlinear functions in an otherwise linear model),
expected utilit y generally cannot be calculated in closedform and must be
approximated. Many of the results for nonlinear designrely on asymptotic
normal appraximations in calculating expectations (Chaloner and Verdinelli,

1995).Integrals may also be approximated by numerical quadrature, Laplace
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integration or Monte Carlo integration. With advancesn computing resources,
simulation-based optimal designis now an option, although methods often
have to be designedfor ead specic application (see Muller (1999) for an
overview of this area). As utilit y functions in many problems have been se-
lected for their computational tractabilit y, simulation-baseddesignmay soon
open the way for greater use of scieri ¢ basedutilit y functions that better
match the goalsof the experimert. Hierarchical modelsare becomingincreas-
ingly important in modelling latent and random e ects and accourting for
subject-to-subject variability, for example. Advancesin Bayesian computa-
tion, sud as Markov chain Monte Carlo, now mean that inferencein sud
modelscanbe carried out in real problems.It is becomingeasierto accommo-
date hierarchical and other complexmodelsin the designof experimerts with
simulation-based optimal designstemes.Clyde et al. (1996) compareana-
lytic appraximations and Monte Carlo baseddesignsdemesfor a hierarchical

binary regressiomrmodel using an asymmetric lossfunction.

6 Applications

Pilz (1991) covers Bayesiandesignand estimation in linear models, although
from a rather mathematical viewpoint. Atkinson (1996)reviewsboth classical
and Bayesian optimal designfor linear and nonlinear designs,and presens
recen applications sud as designfor clinical trials. Chaloner and Verdinelli

(1995) provide an thorough review of literature on Bayesiandesignsand ap-



13

plications, which includes experimertal designfor linear models sud as re-
gressionand analysisof variance models, factorial and fractional factorial ex-
perimerts, variancecomponert models, mixtures of linear models, hierarchical
models, nonlinear regressiommodels, binary regressiormodels, designfor clin-
ical trials and sequetial experimertation. The article includesseeral worked
out examples,ncluding designfor one-way analysisof variance.The article by
Clyde et al. (1996) exploressimulation-baseddesignfor a hierarchical logistic
regressionmodel, and illustrates how to construct prior distributions based
on previous experimerts. Other examplesof simulation-based designappear
in Muller (1999). For an examplerelated to social sciencesseeExperimental

design:large sale sacial exgerimentation.

The areaof Bayesiandesignand analysisfor clinical trials in both sequetial

and non-sequehal designsis an exciting and active area,with many practical
dewelopmerns. For a surwey of literature on sequetial design,seethe enry

Sajuential Statistical Methads. The volume edited by Kadane (1996) describes
a complete casestudy and discussesnany of the critical issuesin designand
analysisof clinical trials, consideringethics, prior elicitation, randomization,
treatment allocation, utilities, and decisionmaking. Tsai and Chaloner(2001)
descrite the designof two large clinical trials, where prior distributions are
basedon eliciting prior opinions from over 50 clinicians. The designproblem
involves nding a samplesizeso that consensuf opinion is met with high

probability, where consensusmeansthat all clinicians would prescribe the
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sametreatment basedon their posterior opinions after the trial. Other recern

examplesinclude Rosnerand Berry (1995); Simon and Freedman(1997).

While the increaseuse of Bayesian designin applications is especially en-
couraging, specializedsoftware is often required. There is a growing needfor
reliable, user-friendly software for Bayesiandesignsothat the methods canbe

more accessibleand seegreater applicability.

7 Example

The following design problem is concernedwith choosing a sample size for
an experimert to con rm results from an earlier study. All individuals in the
rst study had been diagnosedwith breast cancer. Each individual had a
biopsy of tumor tissue analyzedfor expressionlevels of a protein implicated
in progressionof the diseasemeasuredprotein expressionlevels were scored
betweenO and 8. All 135individuals received a chemotherapeutic ager, with

the goal of achieving pre-operative tumor regression.The measuredoutcome
for ead subject was a binary indicator of tumor regression.The researbers
expected that the probability of tumor regressionwould increaseas protein
expressiornevelsincreasedand weresurprisedthat the estimatedprobabilities
readhed a maximum around a expressionlevel of 5, and then declined with

higher levels. A logistic regressiomrmodel (seeMultivariate Analysis: Discrete
Variables, Logistic Regression) was usedto relate expressionlevelsto clinical

outcome (indicator of tumor regression).The linear predictor in the logistic
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regressionmodel included a term with a parameter , sud that for 1
the probability of tumor regressionincreaseswith expressionlevel, while for
< 1 the probability of tumor regressionincreasesup to a level of 5, then
decreasesFrom a statistical perspective the evidencein favor of < 1 was
weakwith a BayesFactor of 1.65(\not worth abaremention” onJe reys' scale
of interpretation for BayesFactors (Kass and Raftery, 1995)). The goal of the
secondstudy is to investigate whether this decline was a chance occurrence.
If the decreasads real, then this may suggestthat a higher doseis necessary

at higher expressionlevels, leadingto other experimerts.

Spezzaferri(1988) preserted a utilit y function for model discrimination which
can be usedin designsfor testing Hy : 1versusH; : < 1. Spezzaferri's
criterion can also incorporate parameter estimation, but for simplicity only
model discrimination is considered.The expected utilit y function for model
discrimination can be represeted as
z
U= Pr( <1V;ep(Yje;H)dY

wherep(Y je;H,) isthe marginal distribution of the newdataunderH,: < 1.

The experimertal designinvolves selectingthe total samplesize N, as indi-
viduals with speci c protein expressionlevels cannot be selectedin advance
dueto costsof obtaining the results. The expectedutilit y versusnegative costs
(-$2000 N) is illustrated in Figure 1, and was constructed using smoothing

of utilities generatedusing Monte Carlo experimerts (Muller, 1999). While
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analytic calculationsare intractable, calculation of utilities for this model are
straightforward via simulation. The marginal distribution for Y given an ex-
perimert with samplesizeN must incorporate averagingover di erent con g-
urations of expressionlevelsamongthe N subjects and the unknown param-
etersin the logistic regressionrmodel. Con gurations of sizeN are generated
using a multinomial distribution with a probability vector . The expression
level distribution from the rst study is usedto construct a conjugateDirichlet
prior distribution for . Data from the previous experimert is usedto con-
struct the prior distribution for and other parametersin the logistic model,
and construct the predictive distribution of the new data given a vector of
new expressionlevels. For eat set of simulated data under the new study
Pr( < 1jY;e) is calculated, which incorporates both the old data (in the
prior distribution) and the new data. For eatc sample size N, protein ex-
pressionlevels and outcomesare repeatedly generatedfrom their predictive
distributions, and the averageof Pr( < 1jY;e) over experimerts e with the
samesamplesizeN, provides an estimate of the expectedutilit y for e. These
averageswere smaothed in order eliminate Monte Carlo variation in their

estimatesand are plotted in Figure 1.

For the above criterion, expected utilit y will increasewith the total sample
size,and asformulated the designproblem hasan in nite solution. Each point
on the curve (Figure 1) is a combination of U(e) and cost. Expected utilit y

hasa maximum at 1, which is obtainedasN goesto in nit y (and with in nite
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costs). The experimert which minimizes costsis given by N = 0, wherethe
posterior probability that < 1 given the data from the previous study was
0.85. The researbers want to minimize total costs, but at the sametime
nd a samplesizesud that the expected utilit y is above 0.95(correspnding
to a Bayes factor above 3, which would provide strong evidencein favor of
H1). Combining costsand model discrimination, the combined expectedultilit y

function can be written as

Ue)  ($2000 N) (10)

where re ects the tradeo betweeninformation for discriminating between
the two hypothesesand costsof subjects. In general,it is di cult to specify
thesetradeo s explicitly, asthe di erent componerts are often measuredin
di erent units. Verdinelli and Kadane (1992) illustrate choosing whenthere
aretradeo s betweentwo componerts in a utilit y function. If the expectedutil-
ity for model discrimination is selectedas 0.95,then the correspnding costis
$421,327the point represeted by the triangle in Figure 1), and correspnds
to the negative of the slope of the curve at this point ( = 0:000196%£$2000).
Figure 2 shows the conbined utilit y given by equation (10) usingthis value of
. The maximum (marked by the triangle) correspndsto an optimal sample
sizeof 211. For utilities which combine more than two objectives, graphical
solutions may not be feasible,but a constrained optimization approad can

be usedto determinethe tradeo parameters(Clyde and Chaloner, 1996).
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8 Summary

Bayesianexperimertal designis a rapidly growing areaof researt, with many
exciting recen dewelopmerts in simulation-baseddesignand a growing number
of real applications, particularly in clinical trials. By incorporating prior infor-
mation, the Bayesianapproad canleadto moree cien t useof resourceswith
less-costlyand more informative designs.Utilit y functions can be explicitly
tailored to the given problem and can addressmultiple objectives. Models,
prior distributions, and utilit y functions have often been chosento permit
tractable calculations. Howeer, with increasedcomputing power, simulation-
basedmethods for nding optimal designsallow for morerealistic model, prior
and utilit y speci cations. Optimal designshave often beencriticized because
the number of support points in the designequal the number of parameters
(in nonlinear Bayesiandesignthis is not always the case),which doesnot per-
mit cheding the assumedmodel form. Model uncertainty is almost always an
issuein inference,and certainly at the designstage.Bayesianmodel averaging
hasbeenextremely successfuin accouring for model uncertainty in inference
problems,and hasgreat potential for usein Bayesianexperimertal designfor

constructing more robust designs.
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Smoothed expectedutilit y for model discrimination versuscosts;the points indicate

simulated expected utilities which exhibit Monte Carlo variation
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Combined utilit y for model discrimination with a penalty for costs; the triangle

indicates the conmbined utilit y at the optimal design



