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Abstract

We develop an extension of the sliced inverse regressidr) (fBamework for dimension
reduction using kernel models and Tikhonov regularizatidhe result is a numerically sta-
ble nonlinear dimension reduction method. We prove comsist of the method under weak
conditions even when the reproducing kernel Hilbert spadeiced by the kernel is infinite
dimensional. We illustrate the utility of this approach amslated and real data.
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1 Introduction

The goal of dimension reduction in the standard regresdiasgification setting is to sum-
marize the information in the-dimensional predictor variabl& relevant to predicting the
univariate response variablé. The summarnyS(X) should havel < p variates and ideally
should satisfy the following conditional independencepgity

Y 1L X | S(X). (1)

Thus any inference of involves only the summary statisti€(X) which is of much lower
dimension than the original dafa.

Linear methods for dimension reduction focus on linear sam@s of the data, that is,
S(X) = (BFx,...,87X). Thed-dimensional subspace = spanf, ..., 34), is defined
as the effective dimension reduction (e.d.r.) spacéiifl99]] since S summaries all the
information we need to know aboit. A key result inLi [199]] is that under some mild
conditions the e.d.r. directionss; ;l:l correspond to the eigenvectors of the matrix

T = [cov(X)] L cov[E(X|Y)].

Thus the e.d.r. directions or subspace can be estimatednv&gananalysis of matri{’,
which is the foundation of the sliced inverse regressiorordigm proposed by.i [199]]
and Duan and Li[1991]. Further developments include sliced average variantienaton
[Cook and Weisberg 1991 Recently this framework was extended to the high-dinmmmesi
setting where there are more covarigtatan observations in Li et al.[2007.

A common premise held in high-dimensional data analysisasthe intrinsic structure of
data is in fact low dimensional, for example the data is cotreéed on a manifold. Linear
methods such as SIR often fail to capture this nonlineardowensional structure. However,
often there exists a nonlinear embedding of the data intdlzeHispace where a linear method
can capture the low-dimensional structure. If projectiono this low-dimensional structure
can be computed by inner products in this Hilbert space, dtemethods $cholkopfet al.
1997, Scholkopf and Smola 20)2an be used to obtain simple and efficient algorithms. The
basic idea in applying kernel methods is the applicationlimiear algorithm to the data mapped
into a feature space induced by the kernel function. Sineeethbedding is nonlinear, linear
directions in the feature space correspond to nonlineactioms in the original data space.
Nonlinear extensions of some classical linear dimensiogdiliction methods using this ap-
proach are kernel principle component analysist{olkopfet al. 1997 and kernel indepen-
dent correlation analysisspch and Jordan 20ZThis idea was applied to SIR ivu [2004
resulting in the kernel sliced inverse regression (KSIRYé which allows for the estimation
of nonlinear e.d.r. directions.



There are numeric, algorithmic, and conceptual subtleties direct application of this
kernel idea to SIR. If the kernel function is infinite dimemsal, the embedding induced by the
kernel function maps a point in thedimensional covariate space into an infinite dimensional
Hilbert space, thefl” is an operator and is not well defined. In addition, for inénatr high-
dimensional feature spaces an empirical estimat& dbsed from observations is often ill-
conditioned and results in computational instability. Véelsto overcome these difficulties
by proposing a modified version of KSIR that incorporates kh@nhov regularization term.
The method is stated as an eigen-decomposition problemlbasiseleast squares problem in
Section 3.

Addition of this regularization term has both theoreticatigractical implications. The
theoretical contribution is a proving asymptotic consisieof the e.d.r. estimates and with a
rate of O(n'/*) under stated conditions, see Section 4. The practicalibatitn is empirical
evidence that addition of the regularization term impropeslictive accuracy, see Section 5.

2 Mercer kernelsand nonlinear e.d.r. directions

The extension of SIR to use kernels is based on propertiepodducing kernel Hilbert spaces
(RKHS) and in particular Mercer kernels|grcer 1909.

Given predictor variablex € X C RP, a Mercer kernel is a continuous, positive, semi-
definite functionk(-,-) : X x X — R with the following spectral decomposition

ke, z) =) Ajoj(@)d;(2),
j

where{ ¢, } are the eigenfunctions arf{d } are the corresponding non-negative, non-increasing
eigenvalues. An important property of Mercer kernels id #&ch kernek uniquely corre-
sponds to a reproducing kernel Hilbert space (RKHS)

H = {f ( fl@) =" a;¢;(x) with Y a;?/); < oo} , (2)

jeA jeA
where the cardinality of\ := {j : A\; > 0} is the dimension of the RKHS which may be
infinite [Mercer 1909Konig 1984.
The key idea is given a Mercer kernel there exists a unique enambeddingy from X
to a Hilbert space defined by the eigenvalues and eigentursctif the kernel. The map takes
the form
o) = (VA1) Vab2(@), .\ Ay, @) 3)
The Hilbert space induced by this map with the standard ipregtuctk(z, z) = (¢(2), ¢(2))
is isomorphic to the RKHS2) and we will denote both these Hilbert spacestHagonig
1984. In the case wheré is infinite dimensionalg : X — (5.
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The random variablé{ € X induces a random elementX) in the RKHS. Throughout
this paper we will use Hilbert space valued random variablesve now recall some basic
facts. LetZ be a random element i with E||Z|| < oo, where|| - || denotes the norm in
‘H induced by its inner produgt, -). The expectatiofit(Z) is defined to be an element #,
satisfying(a,E(Z)) = E(a, Z), for alla € H. If E||Z||?> < oo, then the covariance operator
of Z is defined a&[(Z — EZ) ® (Z — EZ)], where

(a®@b)f = (b, flaforanyf € H.

Let P denote the measure for random varialdle Throughout we assume the following
conditions.
Assumption 1.
1. Porallz € X, k(z,-) is P-measurable.

2. There existd/ > 0 such thatr € X, k(X, X) < M almost surely (a.s.) with respect to
P.

3. 'H is separable.
Under Assumptiori, the random element(.X) has a well-defined mean and covariance
operator becausgp(z)||?> = k(z, x) is bounded (a.s.). Without loss of generality, we assume

E¢(X) = 0 where0 is the vector of zeros ifi{. The boundedness also implies that the covari-
ance operatoE = E[¢(X) ® ¢(X)] is compact and has the following spectral decomposition

(0.]
E:Zwiei@)eia (4)
i=1

wherew; ande; € ‘H are the eigenvalues and eigenfunctions, respectively.
We assume the following model for the relationship betwEend X,

Y:F(<51,¢(X)>,...,<ﬂd,¢(X)>,E), (5)

with 8; € 'H and the distribution ot is independent ofX. This model implies that the
response variabl® depends orX only through al-dimensional summary statistic

S(X) = ((Br, (X)), - ., (Ba, $(X)))-

Although S(X) is a linear summary statistic iH, it extracts nonlinear features in the space
of the original predictor variableX. We call {@-}?21 the nonlinear e.d.r. directions, and
S = span{f, . .., 84) the nonlinear e.d.r. space. The following propositidgru[200] extends
the theoretical foundation of SIR to this nonlinear setting



Proposition 1. Assume the following linear design condition fd@rthat for any f € H, there
exists a vectob € R? such that

E[(f,6(X))|S(X)] = b7 S(X), with S(X) = ({81, 6(X)), ..., (B, 6(X)))" . (6)

Then for the model specified in equati) the inverse regression cunk&¢(X)|Y] is con-
tained in the span of¥(, ..., X3,;), whereX is the covariance operator af( X ).

Propositionl is a straightforward extension of the multivariate case ifL991] to a Hilbert
space or a direct application of the functional SIR settmgdrré and Yag200d. Although
the linear design conditiorb] may be difficult to check in practice, it has been shown tbahs
a condition usually holds approximately in a high-dimensiospacelfiall and Li 1993,

An immediate consequence of this proposition is that nealire.d.r. directions are the
eigenvectors corresponding to the largest eigenvaludsedbtlowing generalized eigen-decomposition
problem

I's=\¥3, whereX = cov[p(X)], I =cov[E(p(X)|Y)], (7)

or equivalently from an eigenanalysis of the operdfoe= ~~'T. In the infinite dimensional
case a technical difficulty arises since the operator

o0
»l= E w;lei®ei
i=1

is not defined on the entire Hilbert spagé So for the operatof” to be well-defined, we
need to show that the image Bfis indeed in the range &~!. A similar issue also arose in
the analysis of dimension reduction and canonical anafgsifsinctional datalffle et al. 2003
Ferre and Yao 20(Q5In these analyses, extra conditions are needed for aperkite 7" to be
well-defined. In KSIR this issue is resolved automaticalytie linear design condition and
extra conditions are not required as stated by the followihgorem, see Appendix A for the
proof.

Theorem 1. Under Assumptiori and the linear design conditiors) in Proposition1 the
following hold:

() The the operatot” is of finite rankdr < d. Consequently, it is compact and has the
following spectral decomposition

dr
FZZ%‘W@W, (8)
i=1

wherer; and u; are the eigenvalues and eigenvectors, respectively. Merga; <
ranggX) forall: =1,...,dr.



(i) The eigen-decomposition problgi is equivalent to the eigenanalysis of the operator
T, which takes the following form

dr

T = ZTZ"U,Z' & E_l(ui).
i=1

3 Regularized kernel sliced inver seregression

The discussion in Section 2 implies that nonlinear e.dreddions can be retrieved by applying
the original SIR algorithm in the feature space induced leyNfercer kernel. There are some
fundamental computational challenges to this idea sucktamaing a an infinite dimensional

covariance operator and the fact that the feature map is difiécult or impossible to compute

for many kernels. We address these issues by working witkriproducts of the feature map
and adding a Tikhonov regularization term to kernel SIR. W® grovide a least squares
formulation of this problem which enables us to select tlgpil@ization parameter via cross-
validation.

3.1 Estimatingthenonlinear E.D.R. directions

Givenn observationy (x1,v1), ..., (xn, yn )} OUr Objective is to obtain an estimate of the e.d.r.
directions(Bl, ...,Bd). We first formulate a procedure almost identical to the shath(BIR
procedure except that it operates in the feature spackhis highlights the immediate relation
between the SIR and KSIR procedures.

1. Without loss of generality we assume that the mapped gimadiariables are mean zero
>, ¢(x;) = 0. The sample covariance is estimated by

n

£= -3 olwi) @ 6(a)

i=1
2. Bin theY variables intoH slicesGy,...,Gy and compute mean vectors of the corre-
sponding mapped predictor variables for each group

1
wh:n_hZQS(xl)? hzlv"'vHv

1€Gp

Compute the sample between-group covariance matrix

H
A n
L=) —un@un.

h=1

3. Estimate the SIR directiorﬁ}- by solving the generalized eigen-decomposition problem

'3 =\23. 9)
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This procedure is computationally impossible if the RKHiEnite dimensional or the
feature map cannot be computed. However, the the model @ivEs) requires not the e.d.r.
directions but only the projection onto these directiohst is, thed summary statistics

v1 = (B1,d(X)), ..., va = (Ba, 9(X)),

which we call the KSIR variates. The KSIR variates can beiefiity computed and require
only the kernek(-, -), not the mapp.

The key quantity in this alternative formulation is the @®td gram matrix<’ defined by
the kernelk(-, -) where

Kij = (¢(x;) — &, 0(x;) — )
1 < 1 « 1 &
= k($i>xj) n Z k‘(l’i,$j) n Zk?(l’l,l’]) + n2 Z k(mlvmj)
j=1 i=1 hj=1
Note that the rank of{ is less tham, so K is always singular.

Given the centered gram matriX, the following generalized eigen-decomposition prob-
lem can be used to compute the KSIR variates

KJKc = \K?c, (10)

wherec denotes the:-dimensional generalized eigenvector, ahdenotes a x n matrix with
Jij = 1/ny, if 4, j are in them-th group consisting of.,,, observations and zero otherwise.
The following proposition states that two eigen-decomjpmsiproblems, {0) and @), are
equivalent in the recover the same KSIR covaridtes.., v,).

Proposition 2. Given observationg(z1,y1), ..., (T, yn)}, let (B1,...,34) and (é1, . .., éq)
denote the generalized eigenvectors(d®) and (9), respectively. Then for any € X and
j=1,...,d,the following holds

Bj,0(2)) = T Ky, Ky = (K@, 21), 000, k2, 2))

providedi) is invertible. Wher® is not invertible, the conclusion still holds modulo thelnul
space ob..

This result was proven iri/u [200, in which the algorithm was further reduced to solving
JKc=MKc

by cancelingk’ from both sides of10). This may cause some problems si€eas singular so
we work with the original symmetric forml(Q), which also results in a simple interpretation
of the regularization approach we now introduce.
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3.2 Regularization and stability

The eigen-decomposition in equatidiO) will often be ill-conditioned resulting in over-fitting
as well as numerically unstable estimates of the e.d.r.espBkis can be addressed by either
thresholding eigenvalues of the estimated covarianceixngtor by adding a regularization
term to (LO). We introduce the following regularization:

KJKc= \K?4n%sI)c, (11)

wheres is a tuning parameter. This results in robust estimatesenétti.r. space and improved
predictive accuracy. The following proposition, see ApgigrB for proof, states that solving
the generalized eigen-decomposition probldd) {s equivalent to finding the eigenvectors of

(224 sI)7IST (12)

Proposition 3. Let¢; be the eigenvectors ¢f1) and ﬁj be the eigenvectors ¢12), then the
following holds for the regularized KSIR covariates

{)j = é,f[k?(l',lbl), e .,k‘(l’,l’n)] = <BJ7¢($)>

Ridge type regularization is an alternative widely used athtinear SIR and functional
SIR [Zhonget al.2005 Ferre and Villa 20061 and Yin 2008 and solves the eigen-decomposition

8= A3+ sI)p. (13)

It was shown inBernard-Michelet al.[200{ that Tikhonov regularization is more efficient.

To close, we remark that KSIR is computationally advantagezven for the case of linear
models wher > n due to the fact that the eigen-decomposition problem is forn matrices
rather than the x p matrices in the standard SIR formulation.

3.3 Least squareformulation

The generalized eigen-decomposition for linear SIR can fiterw as a least square formula-
tion [Cook 2004 Li and Yin 20081. The advantage of the this formulation is that a greater
variety of regularization or shrinkage models can be appdieach ag; penalties. In addition,
classical techniques such as generalized cross validediobe used to select the regularization
parameter. We can also formulate regularized KSIR as a$eastre problem.

Denotez; as thei-th column of K. This corresponds to thinking of the matrix as a data
matrix of n observations in a-dimensional space. For this new data matrix, we can egimat
the covariance of the inverse regression as

H
Py
h=1

3

o1
h ;{:EKJK,

= |



where Z;, = nl—h ZieGh z; and the e.d.r. directions can be estimated by solving theneig
decomposition problem in equatiofd). Informally, this perspective views KSIR as linear
SIR in ann-dimensional space. This formulation and argumentSdnk[2004], Li and Yin
[20081 lead to the following least square penalty

H

G(C.4) =Y "2, - LK*Cay |,
h=1 n
whereC = (ci,¢a,...,¢5) € R and A = (ay,...,ag) € R™H, By arguments from

Liand Yin [2008] the topd eigenvectors for the KSIR algorithni@) can be computed by
minimizing G(C, A) with respect taC' and A. By the same argument regularized KSIR)(
can be solved by minimizing the following penalized leastesg loss functional with respect
toC andA

G;(C,A) = G(C, A) + nsved CA)" (D ® LK?) veqCA)

where D = diag(“t,..., %2) and ve¢:) is a matrix operation that stacks all columns of a
matrix. Once either or C is fixed the above functional is a regularized least squasblem,
suggesting iteratively solving fad andC'. Given an estimaté’ = (¢, ..., ¢q) the solution
coincides with the formula as given by equatidri)(

One motivation for the least square formulationLirand Yin [20084 is selection of the
regularization parameter by a generalized cross-vatidatiiterion. The criterion suggested
by Li and Yin [20084 can be written as follows for the regularized KSIR model

”(InH — QS)W1/22H

Gev = nH[1 — tracgQs)/nH]?

whereW = D ® I,,, Z =ved Zy,...,Zy), and
0, = <D1/2AT(AD/1T)_1AD1/2) @ (LK (K*+n’sI,)K).

For linear SIR there are many methods to estimate the comatiber e.d.r. directions in
terms of a testing problenthott 1994 Ferré 1998 Bura and Cook 2001Zhu et al. 2004.
Considering KSIR as linear in the gram matrix might allow as¢lect the correct number of
e.d.r. directions using the same tests.

4 Consistency of regularized KSIR

In this section, we prove the asymptotic consistency of the.alirections estimated by KSIR
and provide conditions under which the rate of consistesag,j(n~'/4). Our result also
implies consistency for functional SIR with Tikhonov regrization. Animportant observation
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from the proof is that the rate of convergence of the e.dreations depends on the contribution
of the smaller principal components. The rate can be arlbjtrslow if the e.d.r. space depends
heavily on eigenvectors corresponding to small eigengabi¢he covariance operator.

Note that various consistency results are available fealirSIR Hsing and Carroll 1992
Saracco 1997Zhu and Ng 199F These results hold only for the finite dimensional setting
and cannot be adapted to KSIR where the RKHS is often infimtemisional. Consistency of
functional SIR has also been studied before Fére and Yaq200d a thresholding method
is considered, which selects a finite number of eigenve@ndsuses results from finite rank
operators. Their proof of consistency requires strongerranre complicated conditions than
ours. The consistency for functional SIR with ridge regialation is proven ir-erré and Villa
[2004, but it is of a weaker form than our result. This suggests dither there is a theoretical
advantage for Tikhonov regularization over ridge reg@ssir the previous consistency results
for functional SIR can be improved.

The following theorem states the formal consistency result

Theorem 2. AssuméEk(X, X)? < oo, lim, . s(n) = 0 andlim,, ., s\/n = oo, then

‘(Bjﬂ(b(» - (6]7¢()>| - Op(1)7 J=1,..,dr,

wheredy is the rank off', (3;, ¢(-)) is the projection onto thg-th e.d.r., and(3;, ¢(-)) is the
projection onto thg-th e.d.r. as estimated by regularized KSIR.

If the e.d.r. directions{ﬁj}?il depend only on a finite number of eigenvectors of the co-
variance operatop the rate of convergence &(n~'/4).

This theorem is a direct corollary of the following theorerhigh is proven in Appendix
C.

Theorem 3. First define forN > 1 the projection operator and its complement

N [e'e)
HN:Z@'@GZ‘, H]J\‘/:I—HN: Z e; & e;,
i=1 1=N+1

where{e; }5°, are the eigenvectors of the covariance operaibas defined in(4), with the
corresponding eigenvalues denoteciby
AssuméEk(X, X)? < oo. For eachN > 1 the following holds

dr
I+ 0150 = Tllas = 0, (7=) + 3 (S i@l + Imka)l) o
j=1

wherei; = X ~u; and {u;}?", are the eigenvectors df as defined ir(8).
If s = s(n) satisfys — 0 andsy/n — oo asn — oo, then

(2 4 sI)7IST — Tl gs = o,(1).
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5 Application to ssmulated and real data

In this section we compare classical sliced inverse regmegSIR), regularized sliced inverse
regression (RSIR) as irl8), kernel sliced inverse regression (KSIR), and reguldrizernel
sliced inverse regression (RKSIR). The comparisons ard tsaddress two questions: (1)
does regularization improve the performance of kerneedlioverse regression, and (2) in real
data does the nonlinearity of kernel sliced inverse regoasmprove predictive performance.

We show using three examples that regularization does higfpestimating the e.d.r. di-
rections and the nonlinearity introduced by the kernelieeis can make a dramatic difference
in terms of predictive accuracy.

5.1 Importance of nonlinearity and regularization

This example illustrates that both the nonlinearity andutagzation of RKSIR can signifi-
cantly improve prediction accuracy.

The regression model has ten predictor variabtes= (X3, ..., X19) and a univariate re-
sponse specified by

5 10
Y = (1 + é ;Sin(ﬂ XZ)> (1 + % ;sin(ﬂ XZ)> +¢,
where each of the ten dimensions are unifornfHn.1], X; ~ U[—-1,1] fori = 1, ..., 10, and
the noise is normat ~ N (0,.12).

We examined the predictive accuracy as a function of the rurobe.d.r. directions used
in a Gaussian kernel regression model the bandwith paramktee Gaussian was set to the
median of pairwise distances. We compared the performafesing SIR, KSIR, and RKSIR
to compute the e.d.r. directions in this procedure. We usidi@ing set ofl00 observations
to compute the e.d.r. directions and fit the nonlinear refwasmodel. We then used an
independent test set 8600 observations to compute the mean square error of the régmess
model estimated. For both KSIR and RKSIR we used an additaues&an kernel

d
k(z,z) = Zexp (—(z; — 2)%/20%).
j=1

The regularization parameter in RKSIR was set by crosstatin.

Figure 1 displays the accuracy of the procedure as a function of timebeu of e.d.r. di-
rections for the three methods. The result for SIR showslihear directions do not capture
the predictive structure in this data this structure isriisted across all ten e.d.r. directions.
The result for KSIR illustrates that by adding the nonlifgamost of the predictive structure
is captured in the first e.d.r. direction. However, this diien is far from optimal. For RKSIR
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the first e.d.r. direction contains almost all of the pradestructure and adding regularization
has greatly improved accuracy.

5.2 Effect of regularization

This example illustrates how regularization has an effectie performance of KSIR as a
function of the anisotropy of the predictors.
The regression model has ten predictor variabtes- (X3, ..., Xj09) and a univariate re-
sponse specified by
Y =X + X3 +e, e~ N(0,0.1%), (15)

whereX ~ N(0,Xx) andXx = QAQ with @ a randomly chosen orthogonal matrix and
A = diag(1?,27,...,10%). We will see increasing the parameterc [0, co) increases the
anisotropy of the data which amplifies the importance ofextty inferring the top e.d.r. di-
rections.

For this model it is known that SIR will not accurately inféete.d.r. space since only the
the first variableX; will be identified. For this reason we focus on the comparisbKSIR
and RKSIR in this example.

If we use a second order polynomial kerigl, z) = (1 + z7'2)? this corresponds to the
feature space

P(X) ={1,X;,(XiX;)i<;} 4,7 =1,...,10.

In this feature spac&’; + X2 can be captured in one e.d.r. direction. Thus using the pahyal
kernel a one dimensional e.d.r. space should contain afirésgictive information.
Ideally the first KSIR variate = (31, #(X)) should be equivalent t&; + X2 modulo
shift and scale
v—Ev o X; + X2 —E(X; + X3).

So for this example given estimates of KSIR variates abttata pointso; }7_, = {(f1, ¢(x:)) }7,
the error of the first e.d.r. direction can be measured froefdflowing optimization problem

n

1 N 2
error = min Z (0; — Ev — a(z;1 + xiQ —E(X1 + X3)))

i=1
S R 2 2
= min =3 (0 = (ol + 230) +0)°

=1

We drew200 observations from the model specified itb). We then applied the two di-
mension reduction methods KSIR and RKSIR. The mean andathedors ofl 00 repetitions
of this procedure are reported in FiguteThe result shows that KSIR becomes more and more
unstable a$ increase and regularization helps to reduce this instabili
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5.3 Importance of nonlinearity and regularization in real data

When SIR is applied to classification problems, it is eq@mélto a Fisher discriminant anal-
ysis. For the case of multiclass classification it is nattmalse SIR and consider each class
as a slice. Kernel forms of Fisher discriminant analysis[®RlF [ Baudata and Anouar 20p0
have been used to construct nonlinear discriminant swsfaod regularization has improved
performance of KFDA [Rurita and Taguchi 2005 In this example we show that this idea of
adding a nonlinearity and a regularization term improvesdmtive accuracy in a real multi-
class classification data set, the classification of harthmrdigits.

The MNIST data set (Y. LeCurhttp://yann.lecun.com/exdb/mnjsttontains60, 000 im-
ages of handwritten digit§), 1, 2, ..., 9} as training data anth, 000 images as test data. Each
image consists gf = 28 x 28 = 784 gray-scale pixel intensities. It is commonly believed that
there is clear nonlinear structure in thi8&4 dimensional space.

We compared RSIR, KSIR, and RKSIR on this data to examinefthet f regularization
and nonlinearity. Each draw of the training set consistethofobservations of each digit. We
then computed the top0 e.d.r. directions using thes#®00 observations andO slices, one
for each digit. We projected the), 000 test observations onto the e.d.r. directions and used
a k-nearest neighbor (kNN) classifier with= 5 to classify the test data. The accuracy of
the KNN classifier without dimension reduction was used aasgline. For KSIR and RKSIR
we used a Gaussian kernel with the bandwith parameter sbeasddian pairwise distance
between observations. The regularization parameter vidsy sgoss-validation.

The mean and standard deviation of the classification acgurger100 iterations of this
procedure is reported in Table The first interesting observation is that linear dimension
reduction does not capture discriminative information fes ¢lassification accuracy without
dimension reduction is better. Nonlinearity does incregassification accuracy and coupling
regularization with nonlinearity increases accuracy maias improvement is dramatic f@,
3,5, ands.

6 Discussion

The interest in manifold learning and nonlinear dimenskeduction in both statistics and ma-
chine learning has led to a variety of statistical models agdrithms. However, most these
methods are developed in the unsupervised learning framkewierefore the estimated di-
mensions may not be optimal for regression models. Incatpa nonlinearity and regulariza-
tion to inverse regression approaches results in a robgpbrse driven nonlinear dimension
reduction method. A least square formulation is also preditbr parameter selection.

There are some interesting relations between KSIR andimadtSIR. In functional SIR,
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the observable data are functions and the goal is to findrlieghr. directions for functional
data analysis. In KSIR, the observable data are typicallfurations but mapped into a func-
tion space in order to characterize nonlinear structurdss uggests computations involved
in functional SIR can be simplified by a parametrization wispect to a RKHS or using a
linear kernel in the parametrized function space. From artitecal point of view, KSIR can be
viewed as a special case of functional SIR as developed bg Bed his coauthors in a series
of papers Ferré and Yao 20Q2005 Ferré and Villa 200p
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Appendix A: proof of Theorem 1

Under the assumption of PropositiGnfor eachY” = y,
E[¢(X)|Y =y] € spai(£8;,i=1,...,d}. (16)

So the rank of” (i.e., the dimension of the image D} is less thani. Since this implied” is
compact, together with the fact it is symmetric and posijtitiere existir positive eigenvalues
{r;}%r and eigenvector§u; }7- | such thal® = S°% | 7ju; @ u;.

Recall that for anyf € H,

L'f = E[p(X)[Y], f) Elp(X)]Y]
also belongs to
spafXf;,i =1,...,d} C rangdX)
because of1(6), so
w; = %Fui € rangey).

This proves (i).
Since for eachf € H, I'f € rangdl), the operatofl’ = ¥ ~'T is well defined over the
whole space. Moreover,

dr dr dr
Tf=% <Z<ui,f>ui> = (ui, /)2 (w;) = ( (ui) @ u> f.
=1 =1 i=1

This proves (ii).

Appendix B: Proof of Proposition 3

We first prove the proposition for matrices to simplify nabat we then extend the result to
operators wheré is infinite and a matrix form does not make sense.
Supposed has the following SVD decomposition

D 0 v
O=UDVT = [uy ... ug, || ~ & TlmdxUe=di b _gpyT o (17)
Otn—adyxd O(n—d)x(dx—d) T
whereU = [u1,...,uq), V = [v1,...,vq), andD = D,y is a diagonal matrix of dimension

d<n.
We need to show the KSIR variates

b = c;-r[k(x,xl), oo k(zy )] = c;‘-F<I>T<I>(x) = (®cj, ¢(z)) = (B, 9(2)).
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It suffices to prove that ifA, ¢) is a solution to {1), then(\, 3) is also a pair of eigenvalue and
eigenvector of 322 + 1) ~!3T and vice versa, whereand is related by

8 = dcandec = VDU .

Noting that facts® = 1#¢”, ' = L JoT, and K = &7® = VD?V7, the argument may
be made as follows:

— 00T JOTdc = \(PPT DD D + n2yPc)

= OKJKc=\P(K?+n?y)c

= VVTKJKe = VVT(K2+n2y])c )

— KJKc=\K?+n?*yl)c.

SI6 = AE24+41)0

Note the implication in the third step is necessary only m-th>- direction which is obtained
by multiplying both sided’D~'U” and using the fact&/’U = I,. For the last step, since
VTV = I,, we use the facts

and
VVIie=vvIvD Ut =vD U g =c

In order for this result to hold rigorously when the RKHS idinite dimensional we
need to formally definegb, ®, and the SVD of® when dg is infinite. For the infinite
dimensional case is an operator fronR" to Hy defined by®v = Y7 | v;p(z;) for
v = (vy,...,0,)T € R" and ®7 is its adjoint, an operator frort{; to R™ such that
OTf = ((p(x1), i, .., (o(x1), fx)T for f € Hy. The notionsU andU” are similarly
defined.

The above formulation ob and®” coincides the definition of as a covariance operator.
Since the rank of is less tham, it is compact and has the following representation:

di d
Y= E &iui®ui: E oiu; @ U;
i=1 i=1

whered < n is the rank andr; > o9 > ... > 04 > 0441 = ... = 0. This im-
plies eachp(z;) lies in sparfuy, . .., uq) and hence we can writ¢(z;) = Ur; whereU =
(u1,...,uq) should be considered as an operator frifhto Hx andr; € R?. Denote by

Y = (71,...,7,)" € R"*% ltis easy to check tha&f” Y = diag(no, ...,noy). Let Dyyg =
diag(\/no1,. .., /nog) andV = YD~ Then we obtain the SVD fo® as® = UDV7”
which is well defined.
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Appendix C: Proof of Consistency
C.1Preliminaries

In order to prove Theoren&and Theoren8 we use properties of Hilbert-Schmidt operators,
covariance operators for Hilbert space valued random basa and perturbation theory for
linear operators. In this subsection we provide a briefodtiction to them. For details see
Kato[1964, Chatelin[1983, Blanchardet al.[2007] and references therein.

Given a separable Hilbert spageof dimensionp,,, an linear operatol, onH is said to
belong to the Hilbert-Schmidt class if

Py

IZIGs = D IILeillF, < oo,
i=1

where{e;} is an orthogonal basis. The Hilbert-Schmidt class formsva Hébert space with
norm|| - || gs-

Given a bounded operatst on H, the operatorsSL and LS both belong to the Hilbert-
Schmidt class and the following holds

ISL|as < IS Ll &s, |LS||as < | L] as||S||

where|| - || denotes the default operator norm

L 2
22 = sup 1T
rer ISl

Let Z be a random vector taking values H satisfyingE| Z||> < oo. The covariance
operator
Y=E[(Z-EZ2)® (Z-EZ),

is self-adjoint, positive, compact, and belongs to Hilk&chmidt class.

A well known result from perturbation theory for linear opésrs states that if a set of
linear operatord;,, converges td" in the Hilbert-Schmidt norm and the eigenvaluesibare
nondegenerate, then the eigenvalues and eigenvectéisaafnverge to those af with same
rate or convergence as the convergence of the operators.

C.2 Proof of Theorem 3.
We will use the following result front-erré and Ya§2003

IS~ Zlas = 0p(1/vn)  and [T~ Tllus = O,(1/v/n).
To simply the notion, we denote By, = (3 + sI)~!3T. Also define

Ty =2 +s)7'Sr and Ty = (B2 + sI)7'3L.
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Then
| Ts — Tllas < |Ts — T llas + |Th — Tollas + |72 — T #s-

For the first term observe that
7 ¢ EEPHTES 1
|75 — Th|lms < (2% + s~ H|||ST — S0 |gs = O, (ﬁ) '

For the second term note that

dp dr
=) 7 ((22 + sI)‘lxuj> ©u;j and Ty =Y 7 (5% +sI)"uy) @ uj.
j=1 i=1

Therefore
dp
1T = Tollws = 3 [ (52 45D 7" = (22 s1)7") 2wy
j=1
Sinceu; € ranggX) there existsi; such that:; = ;. Then
((22 )T (52 sI)—l) Su; = (52 4 s1)7 (22 - 22) (22 + sT) "' 524,

which implies
T - T| < ifj H@? + sI)—1H H22 - 22HHS H(?ﬁ + s.r)—122H 1]
j=1
-0 (7).
For the third term the following holds

dr
ITo = Tllas =) w5 [|((5% +sD) 7S = 571wy
j=1

and foreachy = 1,...,dr,
1(22 + sI) ™Sy — B hy| < (22 + sI) 18205 — a4y

[ee] wj2 .
Z s+w2 -1 <ujvei>ei
/

i=1

1/2
- <Z s+ w?) u],e,->2>

- 1/2 - 1/2
( (0j,e;) > + ( Z <ﬂj,ei>2>
i=N+1

=—2 i) || + 1Ty (@)l
W

| A

Combining these terms results ib].
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Since||IIx ()| — 0 asN — oo, consequently we have
ITs = Tllas = 0p(1)

if s — 0andsy/n — oo.

If all the e.d.r. directiong3; depend only on a finite number of eigenvectors of the covari-
ance operator, then there exist soie> 1 such thatS* = spa{Xe;, i = 1,..., N}. This
implies

i; =Y tu; € 7(S*) C sparfe;, i =1,...,N}.

Therefore||TTy; (ii;)|| = 0. Lets = O(n~'/4) the rate isO(n'/4).
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Figure 1: Mean square error on test data versus number of @iicctions for the product of sines.
The blue curve is a plot of the mean and standard error for 8i&red curve is the same for
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digit

RKSIR

KSIR

RSIR

kNN

0 N O 0o A W N P O

(o]

0.0273 (0.0089
0.0150 (0.0049
0.1039 (0.0207
0.0845 (0.0208
0.0784 (0.0240
0.0877 (0.0209
0.0472 (0.0108
0.0887 (0.0169
0.0981 (0.0259
0.0774 (0.0251

0.0472 (0.0191
0.0177 (0.0051
0.1475 (0.0497
0.1279 (0.0494
0.1044 (0.0461
0.1327 (0.0540
0.0804 (0.0383
0.1119 (0.0357
0.1490 (0.0699
0.1095 (0.0398

0.0487 (0.0128
0.0292 (0.0113
0.1921 (0.0238
0.1723 (0.0283
0.1327 (0.0327
0.2146 (0.0294
0.0816 (0.0172
0.1354 (0.0172
0.1981 (0.0286
0.1533 (0.0212

0.0291 (0.0071
0.0052 (0.0012
0.2008 (0.0186
0.1092 (0.0130
0.1617 (0.0213
0.1419 (0.0193
0.0446 (0.0081
0.1140 (0.0125
0.1140 (0.0156
0.2006 (0.0153

average

0.0708 (0.0105

0.1016 (0.0190

0.1358 (0.0093

0.1177 (0.0039

Table 1: Mean and standard deviations for error rates irsiflaation of digits.
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